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■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣r❡s❡♥t ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✇✐❧❧ ✜t s✉❝❤ ❝♦♥str❛✐♥ts ❛♥❞ t❤❛t ❝❛♥ ❞❡❧✐✈❡r
❛ st❛❜✐❧✐t② ✐♥❞✐❝❛t♦r ♦❢ t❤❡ ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ t❤❡ ♥♦❞❡s ♦r t❤❡ ♣r♦❝❡ss❡s ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❖✉r
❛❧❣♦r✐t❤♠ ✐s ❞❡❞✐❝❛t❡❞ t♦ ♠♦♥✐t♦r ❞❛t❛ ❡①❝❤❛♥❣❡s ✢♦✇s ❜❡t✇❡❡♥ ♣r♦❝❡ss❡s t♦ ❞❡t❡❝t ❛♥♦♠❛❧✐❡s
t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ♥♦r♠❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❊❛❝❤ ✢♦✇ ♦❢ ❞❛t❛ ❜❛s❡❞ ♦♥
♠❡ss❛❣❡s ❡①❝❤❛♥❣❡s ✐♥ ♠♦❞❡r♥ ♥❡t✇♦r❦s ✐s ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡✐r ♦r✐❣✐♥❛❧ ♣r♦❝❡ss✳ ❆♥
✐ss✉❡ ✇✐❧❧ t❤❡♥ ❜❡ ❞❡t❡❝t❡❞ ✐❢ t❤❡ ✢♦✇ ❞♦❡s ♥♦t r❡s♣❡❝t t❤✐s ❞❡s✐❣♥✳ ❍♦✇❡✈❡r✱ ♣r♦❝❡ss ❝♦♥✜❣✉r❛t✐♦♥
❝❤❛♥❣❡s ♦r ♦❝❝✉rr✐♥❣ ✐ss✉❡s ✇✐❧❧ ✐♥✢✉❡♥❝❡ t❤❡s❡ ❡①❝❤❛♥❣❡s ❛♥❞ ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ s✉❝❤
❞❡t❡❝t✐♦♥✳
❖✉r ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ◆❡t✇♦r❦ ❈❛❧❝✉❧✉s t❤❡♦r② ❬✷✱ ✼❪ t♦ ❞❡✜♥❡ ❝♦♥str❛✐♥t ❧✐♥❡❛r ❝✉r✈❡s ♦♥
❛♥ ❛rr✐✈❛❧ ✢♦✇✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ◆❡t✇♦r❦ ❈❛❧❝✉❧✉s✱ ❛ ✢♦✇ s❛t✐s✜❡s s♦♠❡ ♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧
❝♦♥str❛✐♥ts t❤❛t ❢r❛♠❡ t❤❡ ✢♦✇ ❛t ❛❧❧ t✐♠❡ ❛♥❞ ❛r❡ ✉s✉❛❧❧② ❣✐✈❡♥ ❛s ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ✢♦✇✳
❍❡r❡ ✇❡ ❝❛rr② ♦✉t t❤❡ ♦t❤❡r ✇❛② r♦✉♥❞ ❛♥❞ tr② t♦ ✜♥❞ s✐♠♣❧❡ ❝✉r✈❡s t❤❛t ❜♦✉♥❞ ❛ ✢♦✇✳ ❆s t❤❡
✢♦✇ ✐s ❛♥❛❧②③❡❞ ♦♥ t❤❡ ✢② ❛♥❞ t❤❡♥ ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✱ ✇❡ ❛❧❧♦✇ t❤❡ ❝♦♥str❛✐♥ts t♦ ❝❤❛♥❣❡
t♦ ✜t ✐ts ✈❛r✐❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ❝♦♥s✐sts ✐♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♥❣
❛ t✐♠❡✲✇✐♥❞♦✇ ❢♦r t❤❡ ♥❡①t ♠❡ss❛❣❡ ♦❢ ❛ ✢♦✇✳ ■❢ ✐t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❛t t✐♠❡✲✇✐♥❞♦✇ ♥❡✇
❝♦♥str❛✐♥ts ❛r❡ ❞❡✜♥❡❞✳ ■ss✉❡s ❛r❡ t❤❡♥ ❞❡t❡❝t❡❞ ✇❤❡♥ t❤❡ s❧♦♣❡ ❛♥❞ ✐ts tr❡♥❞ ♣r❡s❡♥t t♦♦
♠❛♥② ✈❛r✐❛t✐♦♥s ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳ ❖♥❝❡ ❞❡s✐❣♥❡❞✱ ✇❡ ❝♦♥❢r♦♥t ♦✉r ❛❧❣♦r✐t❤♠ t♦ t❤❡
♠♦♥✐t♦r✐♥❣ ♦❢ ❖❙P❋ ✢♦✇s ❝❛♣t✉r❡❞ ❢r♦♠ ❛ ✈✐rt✉❛❧✐③❡❞ ✶✼ ♥♦❞❡s ♥❡t✇♦r❦ t❡st❜❡❞✳ ❲❡ r✉♥ s❡✈❡r❛❧
✐ss✉❡s s❝❡♥❛r✐♦ t♦ ❜❡ ❞❡t❡❝t❡❞ ❢r♦♠ ❜❛s✐❝s t♦ ♠❛❧✐❝✐♦✉s ❝❛s❡s✳
❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t ❡①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r
❛♥♦♠❛❧② ❞❡t❡❝t✐♦♥✳ ❙❡❝t✐♦♥ ✸ ❞❡✜♥❡s t❤❡ t❡❝❤♥✐❝❛❧ ❢r❛♠❡✇♦r❦✱ ❜❛s❡❞ ♦♥ ❝♦♥str❛✐♥t ❝✉r✈❡s✱ ♦❢ ♦✉r
❛❧❣♦r✐t❤♠ t❤❛t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ s♦♠❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❜❛s❡❞ ♦♥ ❛♥
♦♣❡r❛t✐♦♥❛❧ t❡st❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❜❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✻✳
❘❘ ♥➦ ✼✾✼✾
✹ ❇♦✉✐❧❧❛r❞ ✫ ❏✉♥✐❡r ✫ ❘♦♥♦t
✷ ❙t❛t❡ ♦❢ t❤❡ ❛rt
▼❛♥② ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥❣❡st✐♦♥ ♦r ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥✳
❍❡r❡ ✇❡ ♣r❡s❡♥t ❛♥ ♦✈❡r✈✐❡✇ ♦❢ s♦♠❡ ❡①✐st✐♥❣ ❞❡t❡❝t✐♦♥ t❡❝❤♥✐q✉❡s✳
▼❡t❤♦❞s ❜❛s❡❞ ♦♥ ❞❛t❛ ❛♥❛❧②s✐s ❆♠♦♥❣ t❤♦s❡ ♠❡t❤♦❞s✱ s♦♠❡ ❛r❡ ❜❛s❡❞ ♦♥ ❛ s❡t ♦❢ ❞❛t❛
❢r♦♠ ✇❤✐❝❤ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛❜♥♦r♠❛❧ ❜❡❤❛✈✐♦r ✐s ❝♦♠♣✉t❡❞✳ ❚❤❡ ❞✐str✐❜✉t❡❞ ✐♥❞❡① ♠❛♥❛❣❡♠❡♥t
♠❡t❤♦❞ ✭▼■◆❉✮✱ ✐♥ ❬✽❪✱ ✐s ❛ str✉❝t✉r❡ ♠❛❞❡ ♦❢ t✇♦ ❧♦❣✐❝❛❧ ❝♦♠♣♦♥❡♥ts✿ ❛ s❡t ♦❢ tr❛✣❝ ♠♦♥✐t♦rs
❞✐str✐❜✉t❡❞ ❛♥❞ ❛ q✉❡r② s②st❡♠ t❤❛t ❛❧❧♦✇s t♦ s❡♣❛r❛t❡ ❞❛t❛ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❛♥♦♠❛❧② ❝❧❛ss✳
Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭P❈❆✮✱ ❬✻✱ ✶✹❪ ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❝❡ss t❤❛t ❝♦♥✈❡rts ❛ s❡t ♦❢
❝♦rr❡❧❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❛ s❡t ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ✈❛❧✉❡s ♥❛♠❡❞ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ✭P❈✮✳ ❚❤❡ s❡t
♦❢ P❈ ❢♦r♠s t❤❡ ♥♦r♠❛❧ s✉❜s♣❛❝❡✱ ✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥✐t✐❛❧ ♦♥❡✳ P❈❆ ❛✐♠s ❛t ❞❡t❡❝t✐♥❣
♥❡t✇♦r❦ ✢♦✇s ❛♥♦♠❛❧✐❡s ❜❛s❡❞ ♦♥ t❤❛t ♥♦r♠❛❧ s✉❜s♣❛❝❡✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞✱ ✐♥ ❬✻❪✱ ❛s
❛♥ ❡✣❝✐❡♥t ✇❛② t♦ s♦❧✈❡ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠✱ ❜✉t ❬✶✹❪ s❤♦✇s ❧✐♠✐t❛t✐♦♥s ♦❢ P❈❆ ❛♣♣❧✐❝❛t✐♦♥
✐♥ ❛♥♦♠❛❧✐❡s ❞❡t❡❝t✐♦♥✿ ✜rst ✐t ❝❛♥ ❞❡t❡❝t ❛ ❢❛✉❧t t❤❛t ✐s ♥♦t ♦♥❡✱ t❤❡♥ ❧❛r❣❡ ❛♥♦♠❛❧✐❡s ❝❛♥
❝♦♥t❛♠✐♥❛t❡ t❤❡ ♥♦r♠❛❧ s✉❜s♣❛❝❡✱ ❛♥❞ ✜♥❛❧❧② ♠♦st ♦❢ t❤❡ t✐♠❡ ✐t ✐s ❞✐✣❝✉❧t t♦ ✜♥❞ t❤❡ ✐♥✐t✐❛❧
♣♦✐♥t ♦❢ ❢❛✐❧✉r❡✳
▼❡t❤♦❞ ❜❛s❡❞ ♦♥ ❛❧❛r♠ ❛♥❞ ❢❛✉❧t ❝♦rr❡❧❛t✐♦♥ ■♥ ❬✸❪✱ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛♥ ❛❧❛r♠✲❢❛✉❧t ❝❛✉s❛❧ ❣r❛♣❤ ✐s ♣r❡s❡♥t❡❞✳ ❋♦r ❡❛❝❤ ❛❧❛r♠ ai✱ ❛ ♣r♦❜❛❜✐❧✐t② pi,j ✐s ❛ss✐❣♥❡❞ ✇✐t❤
r❡s♣❡❝t t♦ ❡❛❝❤ ❢❛✉❧t Fj ✱ ✇❤✐❝❤ ❞✐✈✐❞❡s ❛❧❛r♠s ✐♥ t✇♦ ❝❧❛ss❡s✿ s✐❣♥✐✜❝❛♥t ❛❧❛r♠s ❛♥❞ ❝❛♥❞✐❞❛t❡
❛❧❛r♠s✳ ❚❤❡♥ ✐❢ ❢❛✉❧t Fj ❤❛♣♣❡♥s✱ t❤❡ s❡t ♦❢ s✐❣♥✐✜❝❛♥t ❛❧❛r♠s ✐s ❢♦✉♥❞ ✐♥ t❤❡ ❡♠✐tt❡❞ ❛❧❛r♠s
s❡t✱ ❛♥❞ t❤❡ ❝❛♥❞✐❞❛t❡ ❛❧❛r♠s ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❡♠✐tt❡❞ ❛❧❛r♠s s❡t✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t
t❤✐s ♠❡t❤♦❞ ✐s ♥♦t ✉tt❡r❧② ❛✉t♦♠❛t❡❞ ❛♥❞ ❛❧❛r♠ ♠❛♥❛❣❡♠❡♥t ✐s ❝♦♠♣❧❡①✱ s♦ ❛♥ ❡①♣❡rt ❤❛s t♦ ❜❡
✐♥✈♦❧✈❡❞ t♦ ♠❛♥❛❣❡ ♥❡t✇♦r❦s t❤✐s ✇❛②✳
❙♣❡❝✐✜❝ ♠❡t❤♦❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♣r♦t♦❝♦❧ ▼❛♥② ❛rt✐❝❧❡s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ♦♥ s②♥❝❤r♦✲
♥✐③❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ♣r♦t♦❝♦❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✺❪✱ t❤❡ ❛✉t❤♦rs ❢♦❝✉s❡❞ ♦♥ t❤❡ ❚❈P ♣r♦t♦❝♦❧ t♦
❡✈❛❧✉❛t❡ ✐ts ♣❡r❢♦r♠❛♥❝❡✳ ❚❤✐s ✇♦r❦ ❜✉✐❧❞s ❛ ❧✐♥❦ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❜♦✉♥❞ t♦ ❛✈♦✐❞ s②♥❝❤r♦♥✐③❛t✐♦♥✳
▼❡t❤♦❞s ❜❛s❡❞ ♦♥ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ❚❤❡s❡ s❡t ♦❢ ♠❡t❤♦❞s ❛r❡ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ st❛t✐st✐❝s✳
●❡♥❡r❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ ❘❛t✐♦ ❆♣♣r♦❛❝❤ ✐♥ ❬✶✼✱ ✶✽❪✮ ✐s ❛ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❢♦r ❞✐s❝r❡t❡✲t✐♠❡ ❧✐♥❡❛r
st♦❝❤❛st✐❝ s②st❡♠s t❤❛t ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❛❜r✉♣t ❥✉♠♣s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝♦♥str✉❝t ❛♥ ❛❞❛♣t✐✈❡
✜❧t❡r✐♥❣ t❤❛t ❞❡t❡r♠✐♥❡s ❝❤❛♥❣❡s ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❚♦ ❞♦ t❤❛t✱ ✐t ❝♦♥t❛✐♥s ❛ ❑❛❧♠❛♥♥✲❇✉❝② ✜❧t❡r
t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝ s②st❡♠ st✉❞✐❡❞ ❛♥❞ t❤❡♥ ✐♥st❛♥t✐❛t❡ ❛ s❡❝♦♥❞❛r② s②st❡♠ t❤❛t ❡✈❛❧✉❛t❡s t❤❡
♠❡❛s✉r❡♠❡♥ts ♠❛❞❡ ❜② t❤❡ ✜❧t❡r✳ ◆❡ts❝♦♣❡ ❛❧s♦ ✉s❡s st❛t✐st✐❝s t♦ ❝❤❛r❛❝t❡r✐③❡ ♥❡t✇♦r❦ ❧✐♥❦s ❢r♦♠
❡♥❞✲t♦✲❡♥❞ ♣❛t❤ ♠❡❛s✉r❡♠❡♥t ✭❬✹❪✮✳ ■t ✉s❡s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥ts
♣❧✉s ❛♥ ❡♥❞✲t♦✲❡♥❞ ♠❡❛s✉r❡♠❡♥t ✭❝❧❛ss✐❝❛❧❧② s❡❡♥ ❛s ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥✮✳ ■t ❝♦❧❧❡❝ts
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥❡t✇♦r❦ ✇✐t❤ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ t❤❡♥ ✉s❡s t❤❡♠ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
♠✐♥✐♠✉♠ s❡t ♦❢ ❧✐♥❦s ✇❤✐❝❤ ❧♦ss r❛t❡s ❝❛♥♥♦t ❜❡ ❛❝❝✉r❛t❡❧② ❝♦♠♣✉t❡❞✳
❚♦❞❛②✱ ❧♦t ♦❢ ♠❡t❤♦❞s ❡①✐st t♦ ❞❡t❡❝t ❛♥♦♠❛❧✐❡s ✐♥ ♥❡t✇♦r❦s✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② r❡s✐❞❡s ✐♥
t❤❡ ❝❛♣❛❝✐t② ♦❢ tr❡❛t✐♥❣ ❛ ❧❛r❣❡ s❡t ♦❢ ❞❛t❛ t♦ ❞r❛❣ ❜❛❞ ✢♦✇s ❜❡❤❛✈✐♦rs ❧✐❦❡ ❝♦♥❣❡st✐♦♥ ♦r ❢❛✐❧✉r❡✱
❛♥❞ t♦ r❡❛❝t q✉✐❝❦❧②✳ ❖❜✈✐♦✉s❧②✱ st✉❞②✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❛♥ ♦♣t✐♦♥✳ ❚❤✉s
s♦♠❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ✉s❡ ♣♦✇❡r❢✉❧ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❜✉t r❡♠❛✐♥ t♦♦ ❝♦♠♣❧❡① ❢♦r ♥♦✇✳ ❖t❤❡r
♠❡t❤♦❞s st✉❞② ❛ ♣❛rt✐❝✉❧❛r ♣r♦t♦❝♦❧✱ ♦r ✉s❡ st❛t✐st✐❝s✳ ❍❡r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ r❡❛❝t✐✈❡ ♠❡t❤♦❞ t♦
❞❡t❡❝t ❛♥♦♠❛❧✐❡s ✐♥ ♥❡t✇♦r❦ ❢♦r ❛❧❧ ❦✐♥❞s ♦❢ ♣r♦t♦❝♦❧s ✇✐t❤♦✉t ✉s✐♥❣ st❛t✐st✐❝s✳
■♥r✐❛
❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✺
✸ ❋❧♦✇s ❛♥❞ ❝♦♥str❛✐♥ts
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ♣r❡s❡♥t ❞❛t❛ ✢♦✇s✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛rr✐✈❛❧ ❝✉r✈❡ ❢✉♥❝t✐♦♥s✱ t❤❛t
❢r❛♠❡ t❤❡ ✐♥❝♦♠✐♥❣ tr❛✣❝ ❛t ❛ r♦✉t❡r✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ st✉❞② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✢♦✇s
❛rr✐✈✐♥❣ ❛t ❛ r♦✉t❡r✳
■♥ t♦❞❛②✬s ♣r♦t♦❝♦❧s✱ ❡❛❝❤ r♦✉t❡r tr❛♥s♠✐ts ✐♥❢♦r♠❛t✐♦♥ ✭t♦♣♦❧♦❣②✱ r♦✉t❡rs✬ ❤❡❛❧t❤✱ ❡t❝✳✮ t♦
✐ts ♥❡✐❣❤❜♦rs ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡♠ ❛✇❛r❡ ♦❢ ♥❡t✇♦r❦ ❝❤❛♥❣❡s✿ ✇❡ ❞❡✜♥❡ ❞❛t❛ ✢♦✇s ❛s s❡q✉❡♥❝❡s
♦❢ ♠❡ss❛❣❡s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❛ ✢♦✇ ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ (xn)n∈N✱ ✇❤❡r❡ N = {0, 1, . . .}✱
x0 = 0 ❜② ❝♦♥✈❡♥t✐♦♥ ❛♥❞ ✇❤❡r❡ xn ✐s t❤❡ ❛rr✐✈❛❧ ❞❛t❡ ♦❢ t❤❡ n✲t❤ ♠❡ss❛❣❡ ♦❢ t❤❡ ✢♦✇✳ ❲❡
❛ss✉♠❡ t❤❛t limn→∞ xn = ∞✳
●r❛♣❤✐❝❛❧❧②✱ t❤✐s ✢♦✇ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❣r❛♣❤ (Pn)n∈N ∈ (R+ × N)
N ✇❤❡r❡ ∀n ∈ N✱
Pn = (xn, n)✳ ❚❤✐s ❣r❛♣❤ r❡♣r❡s❡♥ts t❤❡ ❝✉♠✉❧❛t✐✈❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦♠✐♥❣ ♠❡ss❛❣❡s✳ ❆♥ ❡①❛♠♣❧❡
♦❢ s✉❝❤ ❛ ❣r❛♣❤ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✶✳
❆rr✐✈❛❧ ❝✉r✈❡ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥ ✐♥ ◆❡t✇♦r❦ ❝❛❧❝✉❧✉s ✭❬✼❪✱ ❬✷❪✮✱ ❛ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ t♦
❝♦♠♣✉t❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❡r❢♦r♠❛♥❝❡ ❜♦✉♥❞s ✐♥ ♥❡t✇♦r❦s✳ ❆rr✐✈❛❧ ❝✉r✈❡s ❞❡t❡r♠✐♥❡ ❝♦♥str❛✐♥ts ♦♥
✢♦✇s ❜② ❜♦✉♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts t❤❛t ❝❛♥ ❛rr✐✈❡ ❞✉r✐♥❣ ❛♥② ✐♥t❡r✈❛❧ ♦❢ t✐♠❡✳ ❲❡ t❛❦❡
❤❡r❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛rr✐✈❛❧ ❝✉r✈❡ ❛♥❞ tr② t♦ ✜♥❞✱ ❣✐✈❡♥ ❛ ❞❛t❛ ✢♦✇✱ t❤❡ ❝♦♥str❛✐♥ts ✐t s❛t✐s✜❡s✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥str❛✐♥❡❞ ✢♦✇ ❛❞❛♣t❡❞ t♦ ♦✉r ❢r❛♠❡✇♦r❦ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❉❡✜♥✐t✐♦♥ ✶ ✭❈♦♥str❛✐♥❡❞ ✢♦✇✮✳ ▲❡t α, α : R+ → R+ ❜❡ t✇♦ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ m < n
❜❡ t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ❚❤❡ ✢♦✇ (xn) ✐s (α, α)✲❝♦♥str❛✐♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [m,n] ✐❢ ∀m ≤
m′ ≤ n′ ≤ n✱
❼ α(xn′ − xm′) ≤ n
′ −m′; ✭t❤❡ ✢♦✇ ✐s ❧♦✇❡r✲❝♦♥str❛✐♥❡❞✮
❼ α(xn′ − xm′) ≥ n
′ −m′ ✭t❤❡ ✢♦✇ ✐s ✉♣♣❡r✲❝♦♥str❛✐♥❡❞✮✳
❚❤❡ ✢♦✇ (xn) ✐s (α, α)✲❝♦♥str❛✐♥❡❞ ✐❢ ✐t ✐s (α, α)✲❝♦♥str❛✐♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0,+∞]✳
■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❛✐♠ ❛t ✜♥❞✐♥❣ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❛rr✐✈❛❧ ✢♦✇s ♦♥ ❧♦♥❣ ✐♥t❡r✈❛❧s✳ ❲❡ ✇✐❧❧ ✉s❡
s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✿ ❛✣♥❡ ❢♦r t❤❡ ✉♣♣❡r ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✇✐t❤
✵ ❢♦r t❤❡ ❧♦✇❡r ❝♦♥str❛✐♥ts✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✿
αρ,σ : t 7→ σ + ρt ❛♥❞ αρ,T : t 7→ max(ρ(t − T ), 0)✳ ❚❤❡ ✈❛r✐❛❜❧❡ ρ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧♦♥❣
t❡r♠ ❛rr✐✈❛❧ r❛t❡ ♦❢ ♠❡ss❛❣❡s✱ ❛♥❞ σ r❡♣r❡s❡♥ts t❤❡ ♠❛①✐♠❛❧ ❜✉rst✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛t ♠♦st
σ ♠❡ss❛❣❡s ❝❛♥ ❛rr✐✈❡ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ T ❛s t❤❡ ♠❛①✐♠❛❧ ❞❡❧❛② ❜❡t✇❡❡♥ t✇♦
♠❡ss❛❣❡s✳
▲❡♠♠❛ ✶ ✭❯♥✐q✉❡♥❡ss✮✳ ▲❡t (xn)n∈N ❜❡ ❛ ✢♦✇ ♦❢ ♠❡ss❛❣❡s✳ ❚❤❡♥
❼ ❡✐t❤❡r t❤❡r❡ ❡①✐sts ♥♦ ρ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐st σ ❛♥❞ T s✉❝❤ t❤❛t (xn) ✐s (αρ,T , αρ,σ)✲
❝♦♥str❛✐♥❡❞❀
❼ ♦r t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ρ✱ t❤❡r❡ ❡①✐st σ, T s✉❝❤ t❤❛t (xn) ✐s (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞✳ ▼♦r❡✲
♦✈❡r✱ ❢♦r ❡✈❡r② σ′ ≥ σ ❛♥❞ T ′ ≥ T ✱ (xn) ✐s (αρ,T ′ , αρ,σ′)✲❝♦♥str❛✐♥❡❞✳
Pr♦♦❢✳ ❚❤❡ ❧❛st st❛t❡♠❡♥t ✐s tr✐✈✐❛❧ ❛♥❞ ❛ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ t❤❛t
(xn) ❝❛♥♥♦t ❜❡ (αρ,T , αρ,σ) ❛♥❞ (αρ′,T ′ , αρ′,σ′)✲❝♦♥str❛✐♥❡❞ ✇✐t❤ ρ > ρ
′✳ ■❢ ✐t ✇❡r❡ t❤❡ ❝❛s❡✱ t❤❡♥
♦♥❡ s❤♦✉❧❞ ❤❛✈❡ ∀n ∈ N✱ ρ(xn − T ) ≤ n ≤ σ
′ + ρ′xn✱ ❜✉t t❤✐s ❝❛♥♥♦t ❤♦❧❞ ❢♦r xn >
ρT+σ′
ρ−ρ′ ✳
●r❛♣❤✐❝❛❧❧②✱ ❛ ✢♦✇ (xn)n∈N ✐s αρ,T ✲❧♦✇❡r ❝♦♥str❛✐♥❡❞ ✭r❡s♣✳ αρ,σ✲✉♣♣❡r ❝♦♥str❛✐♥❡❞✮ ✐❢ ∀n ∈
N✱ ∀m > n✱ Pm ✐s ❛❜♦✈❡ αρ,T ✭r❡s♣✳ ❜❡❧♦✇ αρ,σ✮ ❞r❛✇♥ ❢r♦♠ Pn ✭r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❛s Pn+αρ,T
❛♥❞ Pn + αρ,σ✮✳
❘❘ ♥➦ ✼✾✼✾























❋✐❣✉r❡ ✶✿ ❉❛t❛ ✢♦✇ ❛♥❞ ❝♦♥str❛✐♥ts✳
❊①❛♠♣❧❡ ✶✳ ❈♦♥s✐❞❡r t❤❡ ❞❛t❛ ✢♦✇ ♦❢ ❋✐❣✉r❡ ✶✳ ❉✉r✐♥❣ 30 s❡❝♦♥❞s✱ ♠❡ss❛❣❡s ❛rr✐✈❡ ❡✈❡r②
10 s❡❝♦♥❞s ❛♥❞ t❤❡♥ ❡✈❡r② 20 s❡❝♦♥❞s✳ ❈♦♥s✐❞❡r t❤❡ ❝✉r✈❡s α0.1,1 : t 7→ 1 + 0.1t ❛♥❞ α0.1,10 :
t 7→ max(0.1(t− 10), 0)✳ ❚❤❡ ✢♦✇ ✐s (α0.1,10, α0.1,1)✲❝♦♥str❛✐♥❡❞ ♦♥ [0, 4] ❜✉t ♥♦t ♦♥ [0, 5]✱ s✐♥❝❡
5− 0 = 5 ≤ α0.1,10(x5 − x0) = 6✳
❖✉r ❛✐♠ ✐s t♦ ❣✉❡ss ❛rr✐✈❛❧ r❛t❡s ♦❢ t❤❡ ♠❡ss❛❣❡s✳ ❋♦r ✜①❡❞ σ ❛♥❞ T ✱ ✐❢ t❤❡ tr❛✣❝ ✐s ✈❡r②
r❡❣✉❧❛r✱ t❤❡r❡ ❡①✐sts ρ✱ s✉❝❤ t❤❛t (xn)n∈N ✐s (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞✱ ♦♥❡ ✇✐s❤❡s t♦ ✜♥❞ ρ✳ ■❢ t❤❡
tr❛✣❝ ✐s ♥♦t r❡❣✉❧❛r✱ t❤❡ ❛✐♠ ✐s t♦ ✜♥❞ t❤❡ s✉❝❝❡ss✐✈❡ ❛rr✐✈❛❧ r❛t❡s ♦❢ t❤❡ ♠❡ss❛❣❡s✳ ❋♦r t❤✐s✱
❣✐✈❡♥ ❝♦♥str❛✐♥t ❝✉r✈❡s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♠❡ss❛❣❡s ♦❢ ✐♥t❡r❡st ♥❛♠❡❧② t❤❡ ✜rst ♦✉t❣♦✐♥❣
♠❡ss❛❣❡ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s✳
❉❡✜♥✐t✐♦♥ ✷ ✭❋✐rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡✮✳ ▲❡t (xn) ❜❡ ❛ ❞❛t❛ ✢♦✇✱ α ❛♥❞ α ❜❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r
❝♦♥str❛✐♥ts ❝✉r✈❡s ❛♥❞ n ∈ N✳ ❚❤❡ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ❢r♦♠ n r❡❣❛r❞✐♥❣ α ❛♥❞ α ✐s
o = min{p ≥ n | (xm) ✐s ♥♦t (α, α)✲❝♦♥str❛✐♥❡❞ ♦♥ [n, p]}.
❲❡ ♥❡❡❞ t♦ ❞❡t❡❝t ❞❛t❡s ✇❤❡r❡ (xn) ✐s ♥♦t ❝♦♥str❛✐♥❡❞ ❛♥② ♠♦r❡ ❜② t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥ts✳
❋♦r ❡①❛♠♣❧❡✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ ❝❤❡❝❦✐♥❣ t❤❛t (xn) ✐s ❧♦✇❡r✲❝♦♥str❛✐♥❡❞ ❜② αρ,T ✐♠♣❧✐❡s
t❡st✐♥❣ t❤❛t ❢♦r ❡❛❝❤ n ❛♥❞ m ✇✐t❤ m < n, αρ,T (xn − xm) ≤ n−m✳ ■♥ ❢❛❝t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦
st✉❞② ❡✈❡r② ❡❧❡♠❡♥t ♦❢ (xn) ❜✉t t❤♦s❡ ❣✐✈✐♥❣ t❤❡ str♦♥❣❡st ❝♦♥str❛✐♥ts✳ ❚❤❡② ❛r❡ ❝❛❧❧❡❞ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s✳
❉❡✜♥✐t✐♦♥ ✸ ✭❈r✐t✐❝❛❧ ♠❡ss❛❣❡s✮✳ ▲❡t (xn) ❜❡ ❛ ❞❛t❛ ✢♦✇✱ ρ, T, σ ∈ R+ ❛♥❞ m < n ∈ N✳ ❙✉♣♣♦s❡
t❤❛t (xn) ✐s (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞ ♦♥ [m,n]✳
❚❤❡ r❡s♣❡❝t✐✈❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ♦❢ ✢♦✇ (xn) ❢♦r ♠❡ss❛❣❡ n ❢r♦♠ m r❡❣❛r❞✐♥❣
αρ,T ❛r❡


















❲❡ ✇✐❧❧ ♥♦t❡ t❤❡s❡ ♣♦✐♥ts✿ P
ρ,m
n = (xcρ,mn , c
ρ,m
n ) ❛♥❞ P
ρ,m
n = (xcρ,mn , c
ρ,m
n )✳
◆♦t❡ t❤❛t t❤❡s❡ ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ♦♥❧② ❞❡♣❡♥❞ ♦♥ ρ ❛♥❞ ♥♦t ♦♥ T ❛♥❞ σ✳
❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r ❛❣❛✐♥ ❋✐❣✉r❡ ✶✳ ❋♦r q ∈ {0, 1, 2, 3}✱ xq −
q
ρ
= 0 < x4 −
4
ρ
= 10✳ ❚❤❡♥ x0
✐s t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ❢♦r q ≤ 3 ❢r♦♠ ✵ ❛♥❞ x4 ✐s t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ❢♦r ✹ ❢r♦♠ ✵✳




❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✼
Pr♦♣♦s✐t✐♦♥ ✶✳ ●✐✈❡♥ ❛ ❞❛t❛ ✢♦✇ (xn)n∈N ❛♥❞ ρ ∈ R✱ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s














❚❤❡ s❛♠❡ ❢♦r♠✉❧❛ st❛♥❞s ❢♦r cρ,mn ✱ r❡♣❧❛❝✐♥❣ > ❜② <✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✳
◆♦✇✱ ❣✐✈❡♥ ❛ ✢♦✇ t❤❛t ✐s (α, α)✲❝♦♥str❛✐♥❡❞ ♦♥ [m,n]✱ ❝❤❡❝❦✐♥❣ t❤❛t ✐t ✐s ❝♦♥str❛✐♥❡❞ ♦♥
[m,n + 1]✱ ♦♥❧② r❡q✉✐r❡s t❡st✐♥❣ t❤❛t α(xn+1 − xcρ,mn ) ≤ n + 1 − c
ρ,m
n ❛♥❞ α(xn+1 − xcρ,mn ) ≤
n + 1− cρ,mn ✳ ▲❡♠♠❛ ✷ ❣✐✈❡s ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝r✐t✐❝❛❧ ❛♥❞ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡s✳
▲❡♠♠❛ ✷✳ ❈♦♥s✐❞❡r α ❛♥❞ α ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❝♦♥str❛✐♥t ❝✉r✈❡s ✇✐t❤ r❛t❡ ρ✳ ▲❡t o ❜❡ t❤❡ ✜rst
♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ❢r♦♠ m✳ ■❢ t❤❡ ❧♦✇❡r ❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥✱ t❤❡♥ cρ,mo = o ❛♥❞ ✐❢ t❤❡ ✉♣♣❡r
❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥✱ t❤❡♥ cρ,mo = o✳
Pr♦♦❢✳ ❚❤❡ t✇♦ ❝❛s❡s ❛r❡ s②♠♠❡tr✐❝✱ s♦ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ✜rst✳ ▲❡t c = cρ,mo−1✱ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧
♠❡ss❛❣❡ ❥✉st ❜❡❢♦r❡ ♠❡ss❛❣❡ o✳ ▼❡ss❛❣❡ c ✐s ♥♦t ❛♥ ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡✱ s♦ o− c < ρ(xo − xc) ❛♥❞
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✱ cρ,mo = o✳
❆❧❣♦r✐t❤♠ ✶ ❞❡s❝r✐❜❡s ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s t❤❛t t❡st t❤❛t t❤❡ ❝✉rr❡♥t ♠❡ss❛❣❡ ✭P ✮ s❛t✐s✜❡s
t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥ts ✭■s▲♦✇❡r❈♦♥str❛✐♥❡❞ ❛♥❞ ■s❯♣♣❡r❈♦♥str❛✐♥❡❞✮ ❛♥❞ ✉♣❞❛t❡ t❤❡ ❝r✐t✐❝❛❧
♠❡ss❛❣❡s ✭❈r✐t✐❝❛❧❯♣❞❛t❡✮✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳ ❚❤❡ ♥♦t❛t✐♦♥s ❛r❡ t❤❡
❢♦❧❧♦✇✐♥❣✿ P = (x, n) ✐s t❤❡ ❝✉rr❡♥t ♠❡ss❛❣❡ ✭♦♥ ✇❤✐❝❤ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❝❤❡❝❦❡❞✮✱ P = (xc, c)
❛♥❞ P = (xc, c) ❛r❡ t❤❡ r❡s♣❡❝t✐✈❡ ❝✉rr❡♥t ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s✳
❆❧❣♦r✐t❤♠ ✶✿ ❊❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s
❈r✐t✐❝❛❧❯♣❞❛t❡✭ρ✱ P ✱ P ✱P ✮✶
✐❢ n < ρ(x− xc) + c t❤❡♥ P ← P ❀✷
❡❧s❡ ✐❢ n > ρ(x− xc) + c t❤❡♥ P ← P ❀✸
■s▲♦✇❡r❈♦♥str❛✐♥❡❞✭T ✱ ρ✱ P, P ✮✹
✐❢ n ≥ ρ(x− xc − T ) + c t❤❡♥ ❚r✉❡ ❡❧s❡ ❋❛❧s❡✺
■s❯♣♣❡r❈♦♥str❛✐♥❡❞✭σ✱ ρ✱ P, P ✮✻
✐❢ n ≤ ρ(x− xc) + σ + c t❤❡♥ ❚r✉❡ ❡❧s❡ ❋❛❧s❡✼
✹ ▲♦♥❣ t❡r♠ ❜❡❤❛✈✐♦r ❝♦♠♣✉t❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r ❝♦r❡ ❛❧❣♦r✐t❤♠✱ t❤❛t ✜♥❞s s✉❝❝❡ss✐✈❡ ❝✉r✈❡s t❤❛t ❝♦♥str❛✐♥ ❛
❞❛t❛ ✢♦✇ ❛♥❞ ✐ts ♠✉❧t✐✲❧❛②❡r❡❞ ✈❡rs✐♦♥✳ ❚❤❡ ✜rst ❛❧❣♦r✐t❤♠ ❞❡t❡❝ts t❤❡ ♠❡ss❛❣❡s t❤❛t ❜r❡❛❦
t❤❡ ❝♦♥str❛✐♥ts ✭♦✉t❣♦✐♥❣ ♠❡ss❛❣❡s✮ ❛s t❤❡② ❛rr✐✈❡ ❛♥❞ ❝♦♠♣✉t❡s ❛ ♥❡✇ r❛t❡✳ ❚❤❡r❡ ♠✐❣❤t ❜❡
❢r❡q✉❡♥t ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡s✱ ❢♦r ♠✐♥♦r ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ r❛t❡✳ ❚❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡
❛❧❣♦r✐t❤♠ ❞✐s❝❛r❞s t❤♦s❡ ♠✐♥♦r ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ r❛t❡s ❛♥❞ r❛t❤❡r ❝♦♠♣✉t❡s ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ❛♥❞
♦♥❧② ❞❡t❡❝ts str♦♥❣ ✈❛r✐❛t✐♦♥s✳
❘❘ ♥➦ ✼✾✼✾
✽ ❇♦✉✐❧❧❛r❞ ✫ ❏✉♥✐❡r ✫ ❘♦♥♦t
✹✳✶ ❚❤❡ ❝♦r❡ ❛❧❣♦r✐t❤♠
▲❡t ✉s ✜rst ❢♦❝✉s ♦♥ t❤❡ ❝♦r❡ ❛❧❣♦r✐t❤♠ ✭❆❧❣♦r✐t❤♠ ✷✮✱ t❤❛t ❝♦♠♣✉t❡s ❛rr✐✈❛❧ r❛t❡s ♦❢ t❤❡ ♠❡ss❛❣❡s
♦❢ ❛ ✢♦✇✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❆❧❣♦r✐t❤♠ ✶✳ ❚❤❡ ♣❛r❛♠❡t❡rs σ ❛♥❞ T ❛r❡ ✜①❡❞ ✭t❤✐s
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ✹✳✸✮ ❛♥❞ ❛ ✢♦✇ ✭✐♥♣✉t❋❧♦✇✮ ✐s ❛♥❛❧②③❡❞✳ ❊❛❝❤ t✐♠❡ ❛ ♥❡✇ ♠❡ss❛❣❡ ✐s r❡❝❡✐✈❡❞✱
t❤❡ ❧♦♦♣ ✭❧✐♥❡s ✷✷✲✷✺✮ ✐s ❡①❡❝✉t❡❞✱ ❡①❝❡♣t ❢♦r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥✿ t❤❡ ✐♥✐t✐❛❧ r❛t❡ ρ ✐s ❞❡✜♥❡❞ ❛s t❤❡
✐♥✈❡rs❡ ♦❢ t❤❡ ✜rst ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ♠❡ss❛❣❡ ✵ ❛rr✐✈❡s ❛t t✐♠❡ ✵✳
❆❧❣♦r✐t❤♠ ✷✿ ❘❛t❡s ❝♦♠♣✉t❛t✐♦♥
❉❛t❛✿ T ✱ σ✱ ✐♥♣✉t❋❧♦✇✳
❘❡s✉❧t✿ ❘❛t❡s▲✐st✱ ♦✉t♣✉t❋❧♦✇✳
❘❛t❡❯♣❞❛t❡✭T ✱ σ✱ ρ✱ P ✱ P ✱ Pp✱ P ✮✶
✐❢ ♥♦t ■s▲♦✇❡r❈♦♥str❛✐♥❡❞✭T ✱ ρ✱ P ✱ P ✮ t❤❡♥✷
ρ← (n− c)/(x− xc)❀✸
P ← P ❀ P ← P ❀✹
♦✉t♣✉t❋❧♦✇ ← ♦✉t♣✉t❋❧♦✇ :: P ❀✺
✐❢ ♥♦t ■s▲♦✇❡r❈♦♥str❛✐♥❡❞✭T ✱ ρ✱ P ✱ Pp✮ t❤❡♥✻
ρ← (n− np)/(x− xp)❀✼
✇r✐t❡✭❘❛t❡s▲✐st✱ (ρ, x)✮❀✽
❡❧s❡ ✐❢ ♥♦t ■s❯♣♣❡r❈♦♥str❛✐♥❡❞✭σ✱ ρ✱ P ✱ P ✮ t❤❡♥✾
ρ← (n− c)/(x− xc) ❀✶✵
P ← P ❀ P ← P ❀✶✶
♦✉t♣✉t❋❧♦✇ ← ♦✉t♣✉t❋❧♦✇ :: P ❀✶✷
✐❢ ♥♦t ■s❯♣♣❡r❈♦♥str❛✐♥❡❞✭✭σ✱ ρ✱ P ✱ Pp✮ t❤❡♥✶✸
ρ← (n− np)/(x− xp)❀✶✹
✇r✐t❡✭❘❛t❡s▲✐st✱ (ρ, x)✮❀✶✺
❜❡❣✐♥✶✻
P ← ✭r❡❝❡✐✈❡❉❛t❡✭✐♥♣✉t❋❧♦✇✮✱ ✶✮ ❀✶✼
ρ← 1/x❀✶✽
n← 2 ❀✶✾
Pp ← P ❀✷✵
✇❤✐❧❡ tr✉❡ ❞♦✷✶
P ← ✭r❡❝❡✐✈❡❉❛t❡✭✐♥♣✉t❋❧♦✇✮✱ n✮❀✷✷
❘❛t❡❯♣❞❛t❡✭T ✱ σ✱ ρ✱ P ✱ P ✱ Pp✱ P ✮❀✷✸
❈r✐t✐❝❛❧❯♣❞❛t❡✭ρ✱ P ✱ P ✱ P ✮❀✷✹
Pp ← P ❀ n← n + 1❀✷✺
❡♥❞✷✻
■♥ ❧✐♥❡ ✷✷✱ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♥❡✇ ♠❡ss❛❣❡ ❛r❡ s❡t ✭❜❛s✐❝❛❧❧②✱ ✇❡ ❝♦✉♥t t❤❡ ♠❡ss❛❣❡s ❛s t❤❡②
❛rr✐✈❡✮✳ ▲✐♥❡ ✷✸ ❝❛❧❧s ❢✉♥❝t✐♦♥ ❘❛t❡❯♣❞❛t❡ ✭❧✐♥❡s ✶✲✶✺✮ t❤❛t ❝❤❡❝❦s t❤❛t t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥ts
✭αρ,T ❛♥❞ αρ,σ✮ ❛r❡ s❛t✐s✜❡❞ ✭❧✐♥❡s ✷ ❛♥❞ ✾✮✳ ■❢ ♥♦t✱ t❤❡♥ ❛ ♥❡✇ r❛t❡ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡
❝✉rr❡♥t ♠❡ss❛❣❡ ❛♥❞ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐❢ t❤❡ ❧♦✇❡r ❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥ ✭❧✐♥❡s ✸✲✹✮ ♦r t❤❡
❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐❢ t❤❡ ✉♣♣❡r ❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥ ✭❧✐♥❡s ✶✵✲✶✶✮✳ ▲✐♥❡s ✻✲✼ ❛♥❞ ✶✸✲✶✹ ❛r❡
s♦♠❡ ♠❛r❣✐♥❛❧ ✐♠♣r♦✈❡♠❡♥ts✿ ✐❢ t❤❡ t✇♦ ❧❛st ♠❡ss❛❣❡s ❞♦ ♥♦t s❛t✐s❢② t❤❡ ♥❡✇ ❝♦♥str❛✐♥ts✱ t❤❡♥
t❤❡ r❛t❡ ✐s ✉♣❞❛t❡❞ ✇✐t❤ t❤♦s❡ t✇♦ ❧❛st ♠❡ss❛❣❡s ✭t❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❛rr✐✈❛❧
r❛t❡ ✐s ♣♦t❡♥t✐❛❧❧② s❤❛r♣✮✳ ▲✐♥❡s ✺✱ ✽✱ ✶✷✱ ✶✺ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r t❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ ✈❡rs✐♦♥ ❛♥❞ ✇❡
■♥r✐❛
❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✾
✇✐❧❧ ❝♦♠♠❡♥t ♦♥ t❤❡s❡ ✐♥ t❤❡ ❙❡❝t✐♦♥ ✹✳✷✳ ❋✐♥❛❧❧②✱ ❧✐♥❡ ✷✹ ❝❛❧❧s ❈r✐t✐❝❛❧❯♣❞❛t❡ t♦ ♠❛✐♥t❛✐♥ t❤❡
❝r✐t✐❝❛❧ ♠❡ss❛❣❡s✳
◆♦t❡ t❤❛t ✐❢ ❛ ✢♦✇ ✐s (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞ ❛♥❞ ρ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡
❝♦♥str❛✐♥ts ✇✐❧❧ ❛❧✇❛②s ❜❡ s❛t✐s✜❡❞ ❢♦r ❛❧❧ t❤❡ ♥❡①t ♠❡ss❛❣❡s ❛♥❞ ♥♦ ♥❡✇ r❛t❡ ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞✳
❲❡ s❛② t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❝♦♥✈❡r❣❡❞ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞
t♦ st✉❞② ❝❛s❡s ✇❤❡r❡ t❤✐s ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡ ❝❧❛ss ♦❢ ♣❡r✐♦❞✐❝ ✢♦✇s ❝❛♥ ❜❡
❡❛s✐❧② st✉❞✐❡❞ ❛♥❞ ✇❡ ❢♦❝✉s ♦✉r st✉❞② ♦♥ t❤❛t ❝❧❛ss✳
P❡r✐♦❞✐❝ ✢♦✇s ■♥ ♦r❞❡r t♦ ❣❡t ❛ ♠♦r❡ ♣r❡❝✐s❡ ✐❞❡❛ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❆❧❣♦r✐t❤♠ ✷✱ ❧❡t ✉s ✜rst
❢♦❝✉s ♦♥ t❤❡ ❝❧❛ss ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ✢♦✇s✳
❉❡✜♥✐t✐♦♥ ✹ ✭♣❡r✐♦❞✐❝ ✢♦✇✮✳ ❚❤❡ ✢♦✇ (xn)n∈N ✐s N ✲♣❡r✐♦❞✐❝ ✐❢ ∀n ∈ N
xn+N − xn+1+N = xn − xn+1.
Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t (xn)n∈N ❜❡ ❛♥ N ✲♣❡r✐♦❞✐❝ ✢♦✇✳ ❚❤❡r❡ ❡①✐st ρ, T, σ ∈ R+ s✉❝❤ t❤❛t (xn) ✐s
(αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞✳
Pr♦♦❢✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ σ = N ✱ T = xN ✱ ❛♥❞ ρ = xN/N ❧❡❛❞s t♦ t❤❡ ❞❡s✐r❡❞
r❡s✉❧t✳
Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t T, σ, ρ ∈ R+✳ ■❢ (xn) ✐s ❛ N ✲♣❡r✐♦❞✐❝✱ (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞ ✢♦✇✱ t❤❡♥
❆❧❣♦r✐t❤♠ ✷ ✇✐t❤ ✐♥♣✉t (T, σ, (xn)) ❡✐t❤❡r ✜♥❞s ❛ r❛t❡ ρ ✐♥ ✜♥✐t❡ t✐♠❡ ✭❛♥❞ t❤❡ r❛t❡ ✇✐❧❧ ♥♦t ❜❡
✉♣❞❛t❡❞ ❛♥②♠♦r❡✮ ♦r ✉❧t✐♠❛t❡❧② ❤❛s ❛ ♣❡r✐♦❞✐❝❛❧ ❜❡❤❛✈✐♦r✳
Pr♦♦❢✳ ❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ✉♣❞❛t❡ ❛♥②♠♦r❡ ✐♥ t❤❡ r❛t❡ ❝♦♠♣✉t❡❞✿
t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❢♦✉♥❞ ❛ r❛t❡ ρ s✉❝❤ t❤❛t (xn) ✐s (αρ,T , αρ,σ)✲❝♦♥str❛✐♥❡❞✳ ❖r t❤❡r❡ ✐s ♥♦ s✉❝❤
✜♥✐t❡ t✐♠❡✳ ■♥ t❤❛t ❝❛s❡✱ s✉♣♣♦s❡ t❤❛t t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡ ♦❢ ♠❡ss❛❣❡s ✐s ρ ❛♥❞ ❛t s♦♠❡ t✐♠❡✱
t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s ❛ s❧♦♣❡ r < ρ✱ t❤❡♥ t❤❡ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✇✐❧❧ ❜❡ ✉♣❞❛t❡❞ ❛t ❧❡❛st ♦♥❝❡
❡✈❡r② ♣❡r✐♦❞✳ ❚❤❡♥✱ ✇❤❡♥ t❤❡ r❛t❡ ✐s ✉♣❞❛t❡❞✱ ✐t ✐s ❝♦♠♣✉t❡❞ ❛s n−m
xn−xm
❢♦r n −m < N ✳ ❚❤❡
s✐t✉❛t✐♦♥ ✐s s②♠♠❡tr✐❝ ✐❢ r > ρ✳ ❚❤❡♥✱ t❤❡ ♥✉♠❜❡r ♦❢ r❛t❡s ❝♦♠♣✉t❡❞ ✐s ✜♥✐t❡ ❛♥❞ t❤❡r❡ ✐s s♦♠❡
k,m, n s✉❝❤ t❤❛t t❤❡ ♣❛✐rs ♦❢ ♠❡ss❛❣❡s t♦ ✉♣❞❛t❡ t❤❡ r❛t❡ ❛r❡ (m,n) ❛♥❞ (m + kN, n + kN)✳
❋r♦♠ t❤❡r❡ ♦♥✱ t❤❡ ❜❡❤❛✈✐♦✉r ✐s ♣❡r✐♦❞✐❝✳
❖♥❡ ❝❛♥ ❡①♣❡❝t t❤❛t ❆❧❣♦r✐t❤♠ ✷ ❝♦♥✈❡r❣❡s ❛❢t❡r ❛ ✜♥✐t❡ t✐♠❡ t♦ t❤❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ ❛ ♣❡r✐♦❞✐❝
✢♦✇✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✐s ♥♦t t❤❡ ❝❛s❡✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ σ ❛♥❞ T ❞♦❡s ♥♦t ❤❡❧♣ ♠✉❝❤✱ ❛s ✐❧❧✉str❛t❡❞
✐♥ ❊①❛♠♣❧❡ ✸✳
❊①❛♠♣❧❡ ✸✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❡r✐♦❞ ✇✐t❤ 9 ♠❡ss❛❣❡s ❧❛st✐♥❣ 180 s❡❝♦♥❞s s✉❝❤ t❤❛t✿ x1 = 15s✱
x2 = 35s✱ x3 = 55s✱ x4 = 80s✱ x5 = 100s✱ x6 = 120s✱ x7 = 140s✱ x8 = 160s✱ x9 = 180s✳ ❚❤✐s
✢♦✇ ✐s ❝♦♥str❛✐♥❡❞ ✇✐t❤ ρ = 0.05✱ σ = 1 ❛♥❞ T = 10✳ ❆❧❣♦r✐t❤♠ ✷ ❛❧t❡r♥❛t✐✈❡❧② ✜♥❞s ρ1 = 0.06667
❛♥❞ ρ2 = 0.04✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✿ t❤❡ ✜rst r❛t❡ ❝♦♠♣✉t❡❞ ✐s ρ1 = 1/x1✳
❚❤❡♥✱ ♠❡ss❛❣❡ ✹✱ ❛rr✐✈✐♥❣ ❛t xo1 ✐s t❤❡ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ❛♥❞ ✐ts ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐s
♠❡ss❛❣❡ ✸ ❛rr✐✈✐♥❣ ❛t xc1 ✳ ❚❤❡ ♥❡✇ r❛t❡ ❝♦♠♣✉t❡❞ ✐s t❤❡♥ 1/(x4−x3) = 0.04✳ ❚❤❡ ♥❡①t ♦✉t❣♦✐♥❣
♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ ✶✵ ❛♥❞ ✐ts ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ ✾✳ ❚❤❡ r❛t❡ ❝♦♠♣✉t❡❞ ✐s t❤❡
s❛♠❡ ❛s t❤❡ ✐♥✐t✐❛❧ r❛t❡ ✭♦♥❡ ♣❡r✐♦❞ s❤✐❢t✮✳
❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤❡♥ T ✐♥❝r❡❛s❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ T = 20
✭♣❧❛✐♥ ❝✉r✈❡✮✱ t❤❡♥ t❤❡ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ o20 = 5 ❛♥❞ ✐ts ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡
✐s c20 = 4✳ ❚❤❡ ♥❡✇ ❝♦♥str❛✐♥ts ❝♦♠♣✉t❡❞ ❛r❡ ✇✐t❤ ρ = 0.05 ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❝♦♥✈❡r❣❡❞ ✐♥
✜♥✐t❡ t✐♠❡✳ ❇✉t ✐❢ T = 60 ✭❞❛s❤❡❞ ❝✉r✈❡s✮✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❣❛✐♥ ❜❡ ♣❡r✐♦❞✐❝❛❧✿
t❤❡ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ o60 = 13 ❛♥❞ ✐ts ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ c60 = 12✳ ❚❤❡
r❛t❡ ❝♦♠♣✉t❡❞ ✐s st✐❧❧ ρ2 = 0.04 ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ✐s st✐❧❧ ♣❡r✐♦❞✐❝✳
❘❘ ♥➦ ✼✾✼✾

















































❋✐❣✉r❡ ✸✿ ❊✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ T ♦♥ ❆❧❣♦r✐t❤♠ ✷✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❤❡♥ t❤❡ r❛t❡ ❝♦♠♣✉t❡❞ ❛t s♦♠❡ ♣♦✐♥t ✐s ❝❧♦s❡ ❡♥♦✉❣❤ ❢r♦♠ t❤❡ ❛rr✐✈❛❧ r❛t❡s ♦❢
t❤❡ ♠❡ss❛❣❡s✱ ❆❧❣♦r✐t❤♠ ✷ ❝❛♥ ❝♦♥✈❡r❣❡ ✐♥ ✜♥✐t❡ t✐♠❡✳
❚❤❡♦r❡♠ ✶ ✭❈♦♥✈❡r❣❡♥❝❡✮✳ ▲❡t (xn) ❜❡ ❛ N ✲♣❡r✐♦❞✐❝✱ (αρ,T ′ , αρ,σ′)✲❝♦♥str❛✐♥❡❞ ✢♦✇✳ ❚❤❡r❡
❡①✐sts ǫ s✉❝❤ t❤❛t ✐❢ ❆❧❣♦r✐t❤♠ ✷ ✇✐t❤ ✐♥♣✉ts (xn)✱ σ > σ
′ ❛♥❞ T > T ′ ❝❛♥ ❝♦♠♣✉t❡ r ∈ [ρ−ǫ, ρ+ǫ]✱
✐t ❝♦♥✈❡r❣❡s t♦ r❛t❡ ρ ✐♥ ✜♥✐t❡ t✐♠❡✳
Pr♦♦❢✳ ❚❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿ r < ρ ❛♥❞ r > ρ✳ ❆s t❤❡② ❛r❡ s✐♠✐❧❛r✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ r > ρ✳




✐s s✉❝❤ t❤❛t ∀r ≥ ρ1✱ t❤❡ ❝♦♥str❛✐♥ts ✇✐❧❧ ♥♦t ❜❡ ❜r♦❦❡♥ ❞✉r✐♥❣ t❤❡
✜rst ♣❡r✐♦❞ ♦❢ (xn) ✭❢♦r ❛❧❧ t ∈ [0, xN ], αρ1,T ≤ αρ′,T ′)✳
❚❤❡ s❡t S = {ρxn − n | n ∈ N} ✐s ✜♥✐t❡✳ ▲❡t n0 = min{n | ρxn − n = mins∈S s}✳ ❲❡ ❦♥♦✇
t❤❛t n0 ≤ N ❛♥❞ n0 ✐s ❢♦✉♥❞ ✉♣♣❡r ❝r✐t✐❝❛❧ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ r❛t❡s r ❛♥❞ ρ✳
◆♦✇✱ ❧❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ✭✇❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ✉s❡s r✱ s✐♥❝❡ ✇❤❡♥
✐t ✉s❡s ρ✱ t❤❡ ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ✇✐❧❧ ♥♦t ❜❡ ✉♣❞❛t❡❞ ❛♥②♠♦r❡✮✳ ❆s s❛✐❞ ❜❡❢♦r❡✱ t❤❡② ❛r❡ ✉♣❞❛t❡❞
❛t ❧❡❛st ♦♥❝❡ ❡✈❡r② ♣❡r✐♦❞✱ ❛♥❞ t❤❡ ♥❡✇ r❛t❡ ✐s ❝♦♠♣✉t❡❞ ❜❡t✇❡❡♥ t✇♦ ♠❡ss❛❣❡s s❡♣❛r❛t❡❞ ❜② ❛t
♠♦st ♦♥❡ ♣❡r✐♦❞✳ ❚❤✉s✱ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r❛t❡s ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❚❛❦❡ ρ2 = min{
xn−xm
n−m | 0 ≤
m ≤ n ≤ N ❛♥❞ xn−xm
n−m > ρ}✳ ■❢ ρ ≤ r ≤ ρ2✱ t❤❡♥✱ ✇❤❡♥ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐s ✉♣❞❛t❡❞✱
t❤❡ r❛t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ✐s ♥❡❝❡ss❛r✐❧② ρ ✭✐t ✐s ♥❡❝❡ss❛r✐❧② ❧❡ss t❤❛♥ ρ✱ ❜✉t ✐t
❝❛♥♥♦t ❜❡ str✐❝t❧② ❧❡ss ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ S✮✳
❇✉t ❜② ▲❡♠♠❛ ✷✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♥❡①t r❛t❡ ❝♦♠♣✉t❡❞ ✇✐❧❧ ❜❡ ❡①❛❝t❧② ρ✱ ❛s ✐t ✐s
t❤❡ s❧♦♣❡ ❜❡t✇❡❡♥ t✇♦ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s✳ ❙♦✱ ✐t s✉✣❝❡s t♦ t❛❦❡ r ≤ min(ρ1, ρ2) t♦ ❣✉❛r❛♥t②
■♥r✐❛
❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✶✶
t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳
❈♦♥✈❡r❣❡♥❝❡ ❢♦r ❜❛❧❛♥❝❡❞ ✢♦✇s





❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❛t ♦❢ ❜❛❧❛♥❝❡❞ ✇♦r❞s✿ t❤❡ n✲t❤ ❧❡tt❡r ♦❢ t❤❡ ✇♦r❞ ✐s ❞❡✜♥❡❞
❢♦r ❡❛❝❤ t✐♠❡ s❧♦t✳ ❚❤❡r❡ ✐s ❛ ✵ ✐❢ ♥♦ ♠❡ss❛❣❡ ❛rr✐✈❡s t♦ s❦✐♣ t♦ t❤❡ ♥❡①t t✐♠❡ s❧♦t ❛♥❞ k ✶s ✐♥
❛ r♦✇ ✐❢ k ♠❡ss❛❣❡s ❛rr✐✈❡ ❛t ❛ t✐♠❡ s❧♦t✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤♦s❡ ✇♦r❞s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾❪✳
❲❡ ❝❤♦♦s❡ ❛ r❛t✐♦♥❛❧ s❧♦♣❡ s♦ t❤❛t t❤❡ ✢♦✇ ✐s ♣❡r✐♦❞✐❝✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✐❢ ρ > 1✱ t❤❡r❡ ❝❛♥ ❜❡
s❡✈❡r❛❧ ♠❡ss❛❣❡s ✇✐t❤ t❤❡ s❛♠❡ ❛rr✐✈❛❧ t✐♠❡✳
❚❤❡ str✉❝t✉r❡ ♦❢ ❛ ❜❛❧❛♥❝❡❞ ✇♦r❞ ✇✐t❤ r❛t✐♦♥❛❧ s❧♦♣❡ ρ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ∃a1, . . . , ak > 0 s✉❝❤
t❤❛t ❢♦r ❡❛❝❤ ℓ ∈ {1, . . . k − 1}✱ t❤❡ ❜❛❧❛♥❝❡❞ ✇♦r❞ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛✐r ♦❢










ℓ−1✱ ✇✐t❤ w0 = 0 ❛♥❞ w
′
0 = 1✳ ❚❤❡ ♣❡r✐♦❞✐❝ ♣❛tt❡r♥ ♦❢















s✵✶✵✵ ✵ ✶ ✵ ✵ ✵ ✶ ✵✵✵ ✵ ✵ ✶
❋✐❣✉r❡ ✹✿ ❊①❛♠♣❧❡ ♦❢ ❛ ❜❛❧❛♥❝❡❞ ✢♦✇ ✇✐t❤ ❛ s❧♦♣❡ ρ = 37 ✳
❊①❛♠♣❧❡ ✹✳ ❈♦♥s✐❞❡r t❤❡ ❜❛❧❛♥❝❡❞ ✢♦✇ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✹✳ ■♥✐t✐❛❧s ❢❛❝t♦r ❛r❡ w0 = 0
❛♥❞ w′0 = 1✳ ❚❤❡♥ t❤❡ ♦t❤❡rs ❢❛❝t♦rs ❛r❡ w1 = 0001✱ w
′
1 = 001 ❛♥❞ s♦ w2 = 0001001 ✭a2 = 1✮✱




2 = 0001001001 ✭a3 = 1✮✳
❚❤❡ s❧♦♣❡ ♦❢ ❛ ✜♥✐t❡ ✇♦r❞ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✶ ❞✐✈✐❞❡❞ ❜② ✐ts ♥✉♠❜❡r ♦❢ ✵✿ ρ(w) = |w|1|w|0 ✱ ✇❤❡r❡
|w|a ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ a ✐♥ w✳ ❚❤❡ s❧♦♣❡ ♦❢ ❛ ♣❡r✐♦❞✐❝ ✇♦r❞ ✐s t❤❡ s❧♦♣❡ ♦❢ ✐ts





❊①❛♠♣❧❡ ✺✳ ❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❜❛❧❛♥❝❡❞ ✢♦✇ ♦❢ s❧♦♣❡ ρ = 37 r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ s❧♦♣❡


















▲❡♠♠❛ ✸✳ ∀ℓ✱ t❤❡r❡ ❡①✐st w ❛♥❞ v s✉❝❤ t❤❛t w′ℓ = w1 ❛♥❞ wℓ = w0v✳




ℓ−1 ❛♥❞ wℓ =
waℓ−1ℓ−1 wℓ−1w
′
ℓ−1✱ s♦ t❤✐s ✐s tr✉❡ ❢♦r ℓ✳
❘❘ ♥➦ ✼✾✼✾
✶✷ ❇♦✉✐❧❧❛r❞ ✫ ❏✉♥✐❡r ✫ ❘♦♥♦t
▲❡♠♠❛ ✹✳ ▲❡t x ❜❡ ❛ ♣r♦♣❡r ♣r❡✜① ♦❢ wℓ ✭r❡s♣✳ w
′
ℓ✮✳ ❚❤❡♥ ρ(x) ≤ ρℓ✳






















❚❤❡♦r❡♠ ✷✳ ❋✐① ρ > 0✱ σ > ⌈ρ⌉ ❛♥❞ T ≥ ⌈1/ρ⌉✳ ■❢ (xn) ✐s ❛ ♣❡r✐♦❞✐❝ ❜❛❧❛♥❝❡❞ ✢♦✇ ♦❢ s❧♦♣❡ ρ✱
t❤❡♥ ❆❧❣♦r✐t❤♠ ✷ ✇✐t❤ ♣❛r❛♠❡t❡rs σ ❛♥❞ T ❝♦♥✈❡r❣❡s t♦ ρ ✐♥ ✜♥✐t❡ t✐♠❡✳
Pr♦♦❢✳ ❲❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ℓ t❤❛t t❤❡ ♣❛tt❡r♥s wℓ ♦r✴❛♥❞ w
′
ℓ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❧♦♣❡s
❞✐s❝♦✈❡r❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳
■♥✐t✐❛❧✐s❛t✐♦♥✿ t❤❡ ✜rst s❧♦♣❡ t♦ ❜❡ ❞✐s❝♦✈❡r❡❞ ✐s ❡✐t❤❡r ρ′1 = 1/a0 ♦r ρ1 = 1/(a0 + 1)✳
■♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✿ t❤❡ s❧♦♣❡ ρℓ ♦r ρ
′
ℓ ✐s ❞✐s❝♦✈❡r❡❞ ✐♥ ✜♥✐t❡ t✐♠❡✳
■♥❞✉❝t✐♦♥ st❡♣✿ ❲❡ ✇✐❧❧ ✉s❡ ▲❡♠♠❛ ✷✳ ■❢ ℓ 6= k✱ ρℓ < ρ < ρ
′
ℓ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s❧♦♣❡ t❤❛t ❤❛s
❜❡❡♥ ❢♦✉♥❞ ✐s ρℓ✳ ❚❤❡♥ t❤❡ ✉♣♣❡r ❝♦♥str❛✐♥t ✇✐❧❧ ❜❡ ❜r♦❦❡♥✱ ❛t ❛ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡✳
❚❤❡ ✇♦r❞ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ ❢❛❝t♦rs wℓ ❛♥❞ w
′
ℓ✳ ❆s ❧♦♥❣ ❛s ♦♥❧② ❢❛❝t♦rs ♦❢ wℓ ❛r❡ ❢♦✉♥❞✱
t❤❡ ✉♣♣❡r ❝♦♥str❛✐♥t ✐s ♥♦t ❜r♦❦❡♥ ❛♥❞ t❤❡ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❡ss❛❣❡
❜❡❢♦r❡ t❤❡ ❧❛st ♦❢ t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ wℓ ✭♥♦t❡ t❤❛t t❤✐s ✜rst ♦❝❝✉rr❡♥❝❡ ❝❛♥ ❜❡ ❛ s✉✣① ♦❢ wℓ✮✱
❛♥❞ t❤❡♥ t❤✐s ✐s ✈❛❧✐❞ ❢♦r w′ℓ s✐♥❝❡ wℓ = wℓ−1w
′
ℓ✳
❆ ❝❛r❡❢✉❧ ❧♦♦❦ ❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✇♦r❞s wℓ ❛♥❞ w
′
ℓ s❤♦✇s t❤❛t ♦♥❧② t❤❡ ❧❛st ♠❡ss❛❣❡
♦❢ w′ℓ ❝❛♥ ❜❡ ❝r✐t✐❝❛❧✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥str❛✐♥t ❝❛♥♥♦t ❜❡ ❜r♦❦❡♥ ❛t t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ w
′
ℓ
❛s σ > ⌈ρ⌉✳ ❚❤❡♥✱ ♥❡❝❡ss❛r✐❧②✱ t❤❡ ♥❡①t s❧♦♣❡ ❝♦♠♣✉t❡❞ ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❧♦♣❡ ❝♦♠♣✉t❡❞
❜❡t✇❡❡♥ t✇♦ ♦❝❝✉rr❡♥❝❡s ♦❢ w′ℓ✱ ❛♥❞ t❤❡♥ ❜❡ ❡✐t❤❡r ρℓ+1 ♦r ρ
′
ℓ+1✳
◆♦✇ s✉♣♣♦s❡ t❤❛t ✇❡ st❛rt ❢r♦♠ t❤❡ s❧♦♣❡ ρ′ℓ✳ ❖♥❡ ❝♦✉❧❞ ❛♣♣❧② ❡①❛❝t❧② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱
❜✉t ✐t ✐s s❧✐❣❤t❧② ♠♦r❡ ❞✐✣❝✉❧t ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇♦r❞s t❤❛t ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥✳
❆♥♦t❤❡r s✐♠♣❧❡r ❛r❣✉♠❡♥t ✐s t♦ s❡❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ✐s t❤❡ s❛♠❡
❛s t❤❡ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡s ❢♦r t❤❡ ❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡❞ t♦ t❤❡ ❜❛❧❛♥❝❡❞ ✇♦r❦ ♦❢ s❧♦♣❡ 1/ρ ✭t❤❡





























❋✐❣✉r❡ ✺✿ ❘❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✷ ❢♦r t❤❡ ❜❛❧❛♥❝❡❞ ✢♦✇ ♦❢ s❧♦♣❡ ρ = 37 ✳
❊①❛♠♣❧❡ ✻✳ ❋✐❣✉r❡ ✺ r❡♣r❡s❡♥ts t❤❡ ❛❝t✉❛❧ r❛t❡s ❝♦♠♣✉t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✷ ✇❤❡♥ T = 3 ❛♥❞
σ = 1✱ ❢♦r t❤❡ ❜❛❧❛♥❝❡❞ ✢♦✇ ♦❢ s❧♦♣❡ ρ = 37 r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ ✜rst r❛t❡ ❝♦♠♣✉t❡❞ ✐s
ρ1 = 1/x1 =
1
3 ✳ ❚❤❡♥✱ ♠❡ss❛❣❡ ✻✱ ❛rr✐✈✐♥❣ ❛t xo1 ✐s t❤❡ ✜rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ❛♥❞ ✐ts ❧♦✇❡r




❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✶✸
❚❤❡ ♥❡①t ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡ ✶✻ ❛rr✐✈✐♥❣ ❛t xo2 ❛♥❞ ✐ts ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✐s ♠❡ss❛❣❡
✶✸ ❛rr✐✈✐♥❣ ❛t xc2 ✳ ❚❤❡ r❛t❡ ❝♦♠♣✉t❡❞ ✐s 1/(x16 − x13) =
3
7 ✳ ❙♦✱ ❝♦♥✈❡r❣❡♥❝❡ ♦❝❝✉rs ❛❢t❡r ✸✽ s✱
✇❤❡♥ ✶✻ ♠❡ss❛❣❡s ❤❛✈❡ ❛rr✐✈❡❞✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♠♣✉t❡❞ r❛t❡s ❜❡❧♦♥❣ t♦ t❤❡
s❡t ♦❢ s❧♦♣❡s ♦❢ t❤❡ ❢❛❝t♦rs ❝♦♠♣✉t❡❞ ✐♥ ❊①❛♠♣❧❡ ✺ ❛s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳
✹✳✷ ❚❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ ❛❧❣♦r✐t❤♠
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ t❤❛t ♣r♦✈✐❞❡s ❛ ❜❡tt❡r ❛♥❛❧②s✐s ♦❢ t❤❡
✢♦✇s✳ ❆❧❣♦r✐t❤♠ ✷ ❝♦♠♣✉t❡s s❤♦rt t❡r♠ ❛rr✐✈❛❧ r❛t❡s ♦❢ ❛ ✢♦✇✿ ❛s s❛✐❞ ❜❡❢♦r❡✱ ♠✐♥♦r ✈❛r✐❛t✐♦♥s
♦❢ t❤❡ ❛rr✐✈❛❧ r❛t❡s ♦❢ t❤❡ ♠❡ss❛❣❡s ♠❛② ❜❡ ❞❡t❡❝t❡❞✱ ✇❤❡r❡❛s ❧♦♥❣❡r t❡r♠ ❛rr✐✈❛❧ r❛t❡ ❝♦✉❧❞ ❜❡
♣r❡❢❡rr❡❞✳
❚♦ ❜❡ ❛❜❧❡ t♦ ♦✛❡r s✉❝❤ ❧❡✈❡❧s ♦❢ ❞❡t❛✐❧s✱ ✇❡ ♠♦❞✐❢② ♦✉r ❛❧❣♦r✐t❤♠ ✐♥t♦ ❛ ♠✉❧t✐✲❧❛②❡r❡❞ ❛r❝❤✐✲
t❡❝t✉r❡✳ ❚❤❡♥ t❤❡ ❣r♦✉♥❞ ❧❛②❡r ✭♦r ❧❛②❡r ✵✮ ♣r♦✈✐❞❡s ✐♥t❡r❡st✐♥❣ q✉❛♥t✐t② ♦❢ ❞❡t❛✐❧s❀ ✐ts ♦❜❥❡❝t✐✈❡
✐s t♦ ❞❡t❡❝t s♠❛❧❧ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ ♠❡ss❛❣❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❧❛②❡r ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠ r❡t✉r♥s ❧♦♥❣ t❡r♠ ❛rr✐✈❛❧ r❛t❡s ♦❢ ♠❡ss❛❣❡s✳ ❙♦ ✐❢ t❤❡ ✢♦✇ ✐s q✉✐t❡ r❡❣✉❧❛r✱ t❤❡ ❛❧❣♦r✐t❤♠
✇✐❧❧ ✜♥❞ t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡✳ ❇② ❝♦♥tr❛st✱ ✐❢ t❤❡ ❛rr✐✈❛❧s ❛r❡ ❡rr❛t✐❝✱ t❤❡ ✐♠♣♦rt❛♥t ✈❛r✐❛t✐♦♥s
♦❢ t❤❡ ✢♦✇ ✇✐❧❧ st✐❧❧ ❜❡ ❞❡t❡❝t❡❞ ❜② t❤❡ s✉❝❝❡ss✐✈❡ ❧❛②❡rs✱ ✇✐t❤ ❢❡✇❡r ❞❡t❛✐❧s✱ t❤✉s ♣♦✐♥t✐♥❣ ♦✉t
❝r✐t✐❝❛❧ ✈❛r✐❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ✺ ❢♦r ❡①❛♠♣❧❡s✮✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❜② ❡①♣❡r✐♠❡♥t❛t✐♦♥ t❤❛t ✸ ❧❛②❡rs
❛r❡ ❡♥♦✉❣❤ t♦ ❛❝❤✐❡✈❡ s✉❝❤ ❛♥❛❧②s✐s✳
❚♦ ❞♦ t❤✐s ✇❡ ♥♦✇ ❤❛✈❡ t♦ ❡①♣❧❛✐♥ ❧✐♥❡s ✺ ❛♥❞ ✶✷ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳ ❆♥ ♦✉t♣✉t ✢♦✇ ♦❢ ♠❡ss❛❣❡s
✐s ❜✉✐❧t ✉s✐♥❣ t❤❡ ❋✐rst ♦✉t❣♦✐♥❣ ♠❡ss❛❣❡s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳ ❚❤✐s ✐s ❛ s✉❜✲✢♦✇ ♦❢ t❤❡ ✐♥✐t✐❛❧
✢♦✇✱ ❦❡❡♣✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ♠❡ss❛❣❡s✳ ❚❤❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r✉♥ ❆❧❣♦r✐t❤♠ ✷ ♦♥
t❤✐s ♦✉t♣✉t ✢♦✇ ✭♦✉t♣✉t❋❧♦✇✮✳ ■♥st❡❛❞ ♦❢ r❡❛❞✐♥❣ ♠❡ss❛❣❡s ❢r♦♠ ❛♥ ✐♥♣✉t ✢♦✇✱ t❤❡ ❛❧❣♦r✐t❤♠
✉s❡s t❤❡ ♠❡ss❛❣❡s ♦❢ ♦✉t♣✉t❋❧♦✇ ✭❧✐♥❡s ✶✼ ❛♥❞ ✷✷ ❛r❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣❧②✮✳
❋✐❣✉r❡ ✻ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤r❡❡ ❧❛②❡rs✿
✜rst✱ ❛♥ ✐♥♣✉t ✢♦✇ ✐s ❣✐✈❡♥ t♦ ❆❧❣♦r✐t❤♠ ✷ t♦ ❝♦♠♣✉t❡ ❛rr✐✈❛❧ r❛t❡s ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✮
✲ t❤✐s ✐s ♦✉r ❧❛②❡r ✵ ✭♦r ❣r♦✉♥❞ ❧❛②❡r✮✳ ❚❤❡♥✱ ❆❧❣♦r✐t❤♠ ✷ ✐s r✉♥ ✉s✐♥❣ ♦✉t♣✉t❋❧♦✇ ♦❢ ❧❛②❡r 0 ✲










output flow of layer 0
output flow of layer 1





❋✐❣✉r❡ ✻✿ ❊①❛♠♣❧❡ ♦❢ ❆❧❣♦r✐t❤♠ ✷ ✉s❡❞ ✇✐t❤ s❡✈❡r❛❧ ❧❛②❡rs✳
❊①❛♠♣❧❡ ✼✳ Pr❡✈✐♦✉s❧②✱ ✐♥ ❊①❛♠♣❧❡ ✸✱ ✇❡ s❤♦✇❡❞ t❤❛t ❆❧❣♦r✐t❤♠ ✷ ♠❛② ♥♦t ❛❧✇❛②s ❝♦♥✈❡r❣❡
t♦ t❤❡ ❛rr✐✈❛❧ r❛t❡ ❢♦r ♣❡r✐♦❞✐❝ ✢♦✇s✳ ❋✐❣✉r❡ ✼ r❡♣r❡s❡♥ts t❤❡ r❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ♠✉❧t✐✲
❧❛②❡r ❛❧❣♦r✐t❤♠ ✇✐t❤ ✷ ❧❛②❡rs ❢♦r t❤❡ ✐♥♣✉t ✢♦✇ ❛♥❞ ♣❛r❛♠❡t❡rs ♦❢ ❊①❛♠♣❧❡ ✸✳ ❚❤❡ ✜rst ✭r❡s♣✳
s❡❝♦♥❞✮ t✐♠❡ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ r❛t❡s ❝♦♠♣✉t❡❞ ♦♥ ❧❛②❡r 0 ✭r❡s♣✳ ❧❛②❡r 1✮✳ ❚❤❡ ❞❛t❡s ❝♦rr❡s♣♦♥❞
t♦ ❝❤❛♥❣❡s ♦❢ r❛t❡ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛②❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❧❛②❡r ✵✱ t❤❡ ❝✉rr❡♥t r❛t❡ ✐s
❘❘ ♥➦ ✼✾✼✾
✶✹ ❇♦✉✐❧❧❛r❞ ✫ ❏✉♥✐❡r ✫ ❘♦♥♦t
ρ1 = 0.066 ❜❡t✇❡❡♥ t✐♠❡ t = 0 ❛♥❞ t = 55 s❡❝♦♥❞s✳ ◆♦t❡ t❤❛t t❤❡ ❛rr♦✇ ♦❢ ❧❛②❡r 1 st❛rts ❛t
t = 80 s❡❝♦♥❞s✿ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst t✐♠❡ ❛ r❛t❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ t❤✐s ♦✈❡r❧❛② ❜❡❝❛✉s❡
t✇♦ ♠❡ss❛❣❡s ❜r♦❦❡ t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥ts ✐♥ ❧❛②❡r 0✳ ❚❤❡♥✱ ♦♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♠✉❧t✐✲❧❛②❡r
❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❛rr✐✈❛❧ r❛t❡✳ ❯♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r















❋✐❣✉r❡ ✼✿ ❊①❛♠♣❧❡ ♦❢ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ✷ ♦✈❡r❧❛②s✳
✹✳✸ ❉✐s❝✉ss✐♦♥ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠
❙❡✈❡r❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♥❡❡❞ s♦♠❡ ❞✐s❝✉ss✐♦♥✿ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs σ ❛♥❞ T ✱
t❤❡ ❝❤♦✐❝❡s t❤❛t ✇❡r❡ ♠❛❞❡ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛♥❞ s♦❧✉t✐♦♥s t❤❛t ❝♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦
❣✉❛r❛♥t② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳
❚❤❡ r♦❧❡ ♦❢ σ ❛♥❞ T ■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t σ ❛♥❞ T ❞♦ ♥♦t ♣❧❛②
❛♥ ✐♠♣♦rt❛♥t r♦❧❡✿ t❤❡② ❤❛✈❡ ♥♦ ♦❜✈✐♦✉s ♣r♦♣❡rt② t❤❛t ♠❛❦❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❡❛s✐❡r ✐❢ t❤❡② ❛r❡
✐♥❝r❡❛s❡❞ ✭s❡❡ ❊①❛♠♣❧❡ ✸✮✳ ❈♦♥❝❡r♥✐♥❣ t❤✐s ♠❛tt❡r✱ t❤❡ ♠✉❧t✐✲❧❛②❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
❢❛r ♠♦r❡ ❡✣❝✐❡♥t✳
❍♦✇❡✈❡r✱ t❤♦s❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ t♦ ❜❡ ❝❤♦s❡♥ ❜② t❤❡ ✉s❡r ✭❛ ♥❡t✇♦r❦ ❛❞♠✐♥✐str❛t♦r ❢♦r ❡①❛♠✲
♣❧❡✮ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ t♦❧❡r❛♥❝❡ t♦ ❞❡t❡❝t t❤❡ r❛t❡ ✈❛r✐❛t✐♦♥s✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ t❤❡ ❣r♦✉♥❞ ❧❛②❡r✳
❙♠❛❧❧ ♣❛r❛♠❡t❡rs ✇✐❧❧ ❛❧❧♦✇ ❛ ✈❡r② r❡✜♥❡❞ ❞❡t❡❝t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ✇✐❧❧
❜❡ ♠❛❞❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✢♦✇ ♦❢ ✐♥t❡r❡st✳ ❋♦r ❡①❛♠♣❧❡
✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✺ t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ t❛❦❡ s♠❛❧❧ ✈❛❧✉❡s ❢♦r t❤❡ ✜rst ❧❛②❡rs ❛♥❞ ❧❛r❣❡r
✈❛❧✉❡s ❢♦r t❤❡ ❧❛st ❧❛②❡rs t♦ r❡s♣❡❝t✐✈❡❧② ❡♠♣❤❛s✐③❡ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ ❧♦♥❣ t❡r♠ ❝♦♠♣✉t❛t✐♦♥✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❛❦❡♥ σ = 1 ❢♦r ❧❛②❡rs 0 ❛♥❞ 1 ❛♥❞ σ = 5 ❢♦r ❧❛②❡rs 2 ❛♥❞ 3 ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳
■♠♣❧❡♠❡♥t❛t✐♦♥ ❝❤♦✐❝❡s ■♥ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❡ ❝❤♦s❡ t♦ ✉♣❞❛t❡ t❤❡ r❛t❡ ✇❤❡♥ t❤❡ ❧♦✇❡r
❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥ ✇✐t❤ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❆♥♦t❤❡r s♦❧✉t✐♦♥ ✇♦✉❧❞
❤❛✈❡ ❜❡❡♥ t♦ ❝❤♦♦s❡ t❤❡ ♦t❤❡r ✇❛② r♦✉♥❞✿ ✉♣❞❛t❡ t❤❡ r❛t❡ ✇✐t❤ t❤❡ ❧♦✇❡r ❝r✐t✐❝❛❧ ♠❡ss❛❣❡ ✇❤❡♥
t❤❡ ❧♦✇❡r ❝♦♥str❛✐♥t ✐s ❜r♦❦❡♥✳ ❉♦✐♥❣ t❤✐s✱ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✜♥✐t❡
t✐♠❡✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳ ❍♦✇❡✈❡r✱ ✇✐t❤ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❝♦✉❧❞ ❡①♣❡r✐♠❡♥t❛❧❧② ♥♦t✐❝❡
s♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ ✇❤❡♥ t✐♠❡ ❣♦❡s t♦ ✐♥✜♥✐t②✳
❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❙❡✈❡r❛❧ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r
❛❧❣♦r✐t❤♠ ❢♦r r❡❣✉❧❛t❡❞ ✢♦✇s ✭✢♦✇ ♦❢ ♠❡ss❛❣❡s r❡s♣❡❝t✐♥❣ s♦♠❡ (αρ,T , αρ,σ)✲❝♦♥str❛✐♥ts✮✳
❼ ▲✐♥❡❛r ❘❡❣r❡ss✐♦♥ ♦❢ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤✿ ❚❤✐s ♠❡t❤♦❞ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ t❡❝❤♥✐q✉❡ t♦
❛♣♣r♦①✐♠❛t❡ ❛ s❡t ♦❢ ♣♦✐♥ts ✇✐t❤ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥✳ ■♥ ♦✉r st✉❞②✱ t❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡
❡✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ r❛t❡ ♦♥ t❤❡ ❧❛st ♦✈❡r❧❛②✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛♥ ✐♥t❡r❡st✐♥❣
t❡❝❤♥✐q✉❡ t♦ r❛✐s❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ♣❡r✐♦❞✐❝ ✢♦✇s✳ ❲❡ ❞✐❞ ♥♦t ✜♥❞ ❛♥②
❡①❛♠♣❧❡ s❤♦✇✐♥❣ t❤❛t t❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡✱ ❜✉t ❢♦r ❛ ❣✐✈❡♥ ❧❛②❡r✱
✐t ✐s q✉✐t❡ s✉r❡ t❤❛t t❤✐s ❝❛s❡ ♠❛② ❤❛♣♣❡♥✳ ❖♥❡ s♦❧✉t✐♦♥ t♦ ❣❡t t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡
■♥r✐❛
❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✶✺
✇♦✉❧❞ ❜❡ t♦ ❝♦♠♣✉t❡ ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♦♥ t❤❡ ❧❛st ❧❛②❡r t♦ ♦❜t❛✐♥ ❛ r❛t❡ ❝❧♦s❡ t♦ ρ✳ ❚❤✉s
❚❤❡♦r❡♠ ✶ ♣r♦✈❡❞ t❤❛t t❤❡ ❧❛st ♦✈❡r❧❛② ❝♦♥✈❡r❣❡s t♦ ρ ❛❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥✳
❼ ❈♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧❛②❡rs✿ ❚❤❡ ✐❞❡❛ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦rr❡❧❛t❡ r❡s✉❧ts ❢r♦♠ t❤❡
❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❧❛②❡rs ♦❢ ❛❧❣♦r✐t❤♠✿ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛st
❧❛②❡r✱ t❤❡ r❛t❡ ❝♦♠♣✉t❡❞ ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ ρ✱ ❛s ♦♥❧② s✉❜✲✢♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡♥✱ ✐♥❥❡❝t✐♥❣
t❤❡ r❛t❡ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❧❛st ❧❛②❡r t♦ t❤❡ ✜rst ❧❛②❡r ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✶✳
❼ ▼✐① t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✿ ❊✈❡♥ ✐♥ t❤❡ s✐♥❣❧❡✲❧❛②❡r ❛❧❣♦r✐t❤♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ✐♠✲
♣r♦✈❡❞✿ ✐t s✉✣❝❡s t♦ r❛♥❞♦♠❧② r✉♥ ❆❧❣♦r✐t❤♠ ✷ ❛♥❞ ✐ts ❛❞❛♣t❛t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛✲
❣r❛♣❤✳
✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts
■♥ t❤✐s ♣❛rt✱ ✇❡ ♣❡r❢♦r♠ ❆❧❣♦r✐t❤♠ ✷ ♦♥ ❛♥ ❖❙P❋ ✢♦✇ ♠♦♥✐t♦r✐♥❣ ♦♥ ❛ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥
♥❡t✇♦r❦ ✇❤✐❝❤ t♦♣♦❧♦❣② ✐s ❜❛s❡❞ ♦♥ t❤❡ ●❡r♠❛♥ ♠❛✐♥ ❝✐t✐❡s✳ ❊❛❝❤ ♥♦❞❡ ✐s s❡t ❢r♦♠ ❛♥ ❯❜✉♥t✉
▲✐♥✉① t❤❛t ❤♦sts ❛ r✉♥♥✐♥❣ ✐♥st❛♥❝❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ◗✉❛❣❣❛ ❘♦✉t✐♥❣ ❙♦❢t✇❛r❡ ❙✉✐t❡ ❬✶✸❪✳ ❲❡
♦❜t❛✐♥ ❛ t❡st❜❡❞ t❤❛t ✇✐❧❧ ❛❝t ❛s ❛ r❡❛❧ ♥❡t✇♦r❦ ❛♥❞ t❤❛t ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞ ✇✐t❤ tr❛❞✐t✐♦♥❛❧
♥❡t✇♦r❦ ♠❛♥❛❣❡♠❡♥t t♦♦❧s✳
❲❡ t❤❡♥ ❞❡✜♥❡ s❡✈❡r❛❧ s❝❡♥❛r✐✐ t♦ ♣❡r❢♦r♠ ♦♥ t❤❡ ♥❡t✇♦r❦✿ ❋✐rst ❛ ♥♦r♠❛❧ ❛♥❞ st❛❜❧❡ ♥❡t✇♦r❦
✇✐t❤ ❛ ✢✉✐❞ ❖❙P❋ tr❛✣❝ t❤❛t ❛❝ts ❛s ❛ r❡❢❡r❡♥❝❡❀ t❤❡♥ ❛ ❝②❝❧✐❝ ❛♥❞ ♠❛❧✐❝✐♦✉s ❖❙P❋ ♣r♦t♦❝♦❧
st❛❝❦ r♦✉t❡r ❢❛✐❧✉r❡❀ ❛♥❞ t♦ ❝♦♥❝❧✉❞❡✱ ❛ ♠✉❧t✐♣❧❡ ❝♦♠♣❡t✐t✐✈❡ r♦✉t❡r st❛rt t❤❛t ♣r♦✈✐❞❡s ♠❛♥②
❖❙P❋ ❝♦♥✈❡r❣❡♥❝❡ ♣❡rt✉r❜❛t✐♦♥s✳ ❋♦r ❡❛❝❤ s❝❡♥❛r✐♦ ✇❡ ♠♦♥✐t♦r ❛❧❧ ❡①❝❤❛♥❣❡❞ ♠❡ss❛❣❡s ✐♥ t❤❡
t❡st❜❡❞ ❛s ✐♥ ❛♥ ♦♣❡r❛t✐♦♥❛❧ ❝♦♥t❡①t✳ ❆❢t❡r✇❛r❞s t❤❡ r❡❝♦r❞s ❛r❡ ❣✐✈❡♥ t♦ ❆❧❣♦r✐t❤♠ ✷ ✇✐t❤
♠✉❧t✐♣❧❡ ❧❛②❡rs✳ ❋✐♥❛❧❧② t❤❡ r❡s✉❧t✐♥❣ r❛t❡s ♦❜t❛✐♥❡❞ ❛❧❧♦✇ ✉s t♦ ♣r♦✈❡ ✐ts ♦♣❡r❛t✐♦♥❛❧ ✐♥t❡r❡st✳
❙♦♠❡ ♦❢ t❤❡ ✜❣✉r❡s ❛❧s♦ r❡♣r❡s❡♥t t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♠❡t❤♦❞ ✭▼❆▼✮ t❤❛t ✇✐❧❧ ❜❡ ❝♦♠♣❛r❡❞ t♦
♦✉r r❡s✉❧ts ✐♥ t❤❡ ❧❛st ❝❤❛♣t❡r ♦❢ t❤✐s s❡❝t✐♦♥✳






❋✐❣✉r❡ ✽✿ ❚♦♣♦❧♦❣② ♦❢ t❤❡ ♥❡t✇♦r❦ st✉❞✐❡❞✳
✺✳✶ ❚❤❡ ❖♣❡♥ ❙❤♦rt❡st P❛t❤ ❋✐rst ♣r♦t♦❝♦❧
❚❤❡ ❖♣❡♥ ❙❤♦rt❡st P❛t❤ ❋✐rst ✭❖❙P❋✮ ♣r♦t♦❝♦❧ ✭❬✶✶❪✮ ✐s ❛ ❧✐♥❦ st❛t❡ ♣r♦t♦❝♦❧ t❤❛t ♠❛❦❡s ✐♥t❡r♥
■P r♦✉t✐♥❣✳ ❚♦ ❞♦ s♦✱ r♦✉t❡rs ❡①❝❤❛♥❣❡ ♥❡t✇♦r❦✬s ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s t♦♣♦❧♦❣②✱ ♠❡tr✐❝s✱ ❛❧✐✈❡
r♦✉t❡rs✱ ❡t❝✳ ❚❤❡s❡ ❡①❝❤❛♥❣❡s ♦❢ ❞❛t❛ ❛r❡ ♠❛❞❡ ✉s✐♥❣ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ♠❡ss❛❣❡s✿ ❍❡❧❧♦ ❛♥❞ ▲✐♥❦
❙t❛t❡ ❆❞✈❡rt✐s❡♠❡♥t ✭▲❙❆✮ ♠❡ss❛❣❡s✳ ❍❡❧❧♦ ♠❡ss❛❣❡s ❛r❡ s❡♥t ❡✈❡r② 10 s❡❝♦♥❞s✳ ❚❤❡ ▲❙❆ ♦♥❡s
❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r♦✉t❡s ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❚②♣✐❝❛❧❧②✱ t❤❡② ❛r❡ s❡♥t ❡✈❡r② 30 ♠✐♥✉t❡s✱ ❛t
t❤✐s ♠♦♠❡♥t r♦✉t❡rs s❡♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❡② ❤❛✈❡ r❡❝♦r❞❡❞ ❛❜♦✉t t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳ ▲❙❆
s❡♥❞✐♥❣ st♦♣s ✇❤❡♥ ❛❧❧ r♦✉t❡rs ❤❛✈❡ r❡❝♦r❞❡❞ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥✳
❘❘ ♥➦ ✼✾✼✾
✶✻ ❇♦✉✐❧❧❛r❞ ✫ ❏✉♥✐❡r ✫ ❘♦♥♦t
❚❤❡ ❖❙P❋ ♣r♦t♦❝♦❧ ✐s ❛♥ ❡♠❜❧❡♠❛t✐❝ ♣r♦t♦❝♦❧ ♦❢ t❤❡ ♥❡t✇♦r❦✐♥❣ ❞♦♠❛✐♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐t
❤❛s t❤❡ ❣r❡❛t ❛❞✈❛♥t❛❣❡ t♦ ❜❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❛❝❝❡ss✐❜❧❡✱ s♦ t❤❛t t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛❧❣♦r✐t❤♠
r❡s✉❧ts ❛♥❞ t❤❡ ♥❡t✇♦r❦ ❜❡❤❛✈✐♦r ✐s ❝❧❡❛r ❛♥❞ ✐♠♠❡❞✐❛t❡✳
✺✳✷ ❖❙P❋ ✢✉✐❞ tr❛✣❝ st✉❞②
■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r❡s❡♥t ❛♥ ❖❙P❋ ✢♦✇ ♦❢ ♠❡ss❛❣❡s ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ♥❡t✇♦r❦✳
❚❤❡ ✢♦✇ ❡✈❛❧✉❛t❡❞ ✐s t❤❡ ♦♥❡ ❢r♦♠ r♦✉t❡r R11 t♦ r♦✉t❡r R8✳ ❋✐❣✉r❡ ✾ r❡♣r❡s❡♥ts t❤❡ ❛rr✐✈❛❧ ♦❢
♠❡ss❛❣❡s ♦♥ t❤✐s ❧✐♥❦ ❜❡t✇❡❡♥ 0 ❛♥❞ 8000 s ✇✐t❤ ❛ ③♦♦♠ ♦♥ t❤❛t ✢♦✇ ❜❡t✇❡❡♥ 1500 ❛♥❞ 2500 s✳
❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ✢♦✇ s❡❡♠s t♦ ❜❡ ❣❧♦❜❛❧❧② ❧✐♥❡❛r✳ ❚❤✐s r❡♣r❡s❡♥ts t❤❡ s❡♥❞✐♥❣ ♦❢ ❍❡❧❧♦
♠❡ss❛❣❡s✳ ❇✉t✱ ✇❤❡♥ ❤❛✈✐♥❣ ❛ ❞❡❡♣❡r ❧♦♦❦ ✭③♦♦♠ ♦♥ t❤❡ ✜❣✉r❡✮✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧✐♥❡❛r
❜❡❤❛✈✐♦r ✐s ♣❡rt✉r❜❡❞ ❜❡t✇❡❡♥ 1900 ❛♥❞ 2250 s✿ t❤❡ ❛♠♦✉♥t ♦❢ ❛rr✐✈❛❧s ✐♥t❡♥s✐✜❡s✳ ❖♥ t❤❡ ❣❧♦❜❛❧
✢♦✇✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤✐s s❝❤❡♠❡ ♣❡r✐♦❞✐❝❛❧❧② ❤❛♣♣❡♥s ✭❡✈❡r② 1800 s✮✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ▲❙❆
r❡❢r❡s❤ ♦♣❡r❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❤❡r❡ ✐s t♦ ❤✐❣❤❧✐❣❤t t❤❡s❡ t✇♦ ❜❡❤❛✈✐♦rs ✇✐t❤ ♦✉r
❛❧❣♦r✐t❤♠✳
❋✐❣✉r❡ ✾✿ ❋❧♦✇ ♦❢ ♠❡ss❛❣❡s ❢r♦♠ R11 t♦ R8 ❞✉r✐♥❣ 8000 s ✇✐t❤ ❛ ❞❡t❛✐❧❡❞ ♣❡r✐♦❞ ✭❜❡t✇❡❡♥ 1500
❛♥❞ 2500 s✮ ❛t t❤❡ ❜♦tt♦♠ r✐❣❤t✳
❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❣r♦✉♥❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✢♦✇ st✉❞✐❡❞ ❛r❡ s❤♦✇♥ ❜② t❤❡ ♣❧❛✐♥
❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✶✵✳ ❖♥❡ ❝❛♥ ❝❧❡❛r❧② ♦❜s❡r✈❡ ❛ ♣❡r✐♦❞✐❝❛❧ s❝❤❡♠❡ ✐♥ t❤✐s ❝✉r✈❡✳ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡
t✇♦ ❦✐♥❞s ♦❢ ❜❡❤❛✈✐♦rs ♦♥ t❤❡ r❛t❡s ❝♦♠♣✉t❡❞✿ t❤❡ st❛❜❧❡ ❝❛s❡ ❞✉r✐♥❣ ✇❤✐❝❤ ❛t ♠♦st t❤r❡❡ r❛t❡s
❛r❡ ❝♦♠♣✉t❡❞ ✐♥ 1500 s ✭t❤❡s❡ r❛t❡s ❤❛✈❡ ❧♦✇ ✈❛❧✉❡s t❤❛t ❞♦ ♥♦t ❡①❝❡❡❞ ❛ s❧♦♣❡ ♦❢ 1 ♠❡ss❛❣❡ ♣❡r
s❡❝♦♥❞✮ ❛♥❞ t❤❡ ♣❡rt✉r❜❡❞ ❝❛s❡ t❤❛t ❧❛st ❛t ♠♦st 400 s✳ ❉✉r✐♥❣ t❤✐s ♣❡r✐♦❞✱ t❤❡r❡ ❛r❡ ✐♥ ❛✈❡r❛❣❡
❢♦✉r r❛t❡s ❝♦♠♣✉t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❧♦♣❡s ❤❛✈❡ ❛ ♠❡❛♥ ✈❛❧✉❡ ❤✐❣❤❡r ❛♥❞ ✈❛r② ❜❡t✇❡❡♥ 0.5 t♦
1000 ♠❡ss❛❣❡s ♣❡r s❡❝♦♥❞✳
❋✐♥❛❧❧②✱ t❤❡ ♣❧❛✐♥ ❝✉r✈❡ ♦❢ ❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤✐r❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳
❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t t❤❡ t✇♦ ❜❡❤❛✈✐♦rs ❛r❡ st✐❧❧ ♣r❡s❡♥t✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t ❡❛❝❤
❜❡❤❛✈✐♦r ✐s r❡♣r❡s❡♥t❡❞ ❜② ♦♥❧② ♦♥❡ s❧♦♣❡ t❤❛t r❡♣r❡s❡♥ts t❤❡ ❛✈❡r❛❣❡ ♠❡ss❛❣❡s ❛rr✐✈❛❧ ♦♥ t❤❡
♣❡r✐♦❞✳ ❲❤❡♥ ♦♥❧② ❍❡❧❧♦ ♠❡ss❛❣❡s ❛r❡ s❡♥t t❤❡ s❧♦♣❡ ✐s ❛ ❧✐tt❧❡ ❤✐❣❤❡r t❤❛♥ 0.11✳ ❚❤❡♥✱ ✇❤❡♥
▲❙❆ ❛♥❞ ❍❡❧❧♦ ♠❡ss❛❣❡s ❛r❡ s❡♥t t❤❡ s❧♦♣❡ ❡q✉❛❧s ✐♥ ♠❡❛♥ t♦ 0.14✳ ❇❡t✇❡❡♥ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢
t❤❡ ❍❡❧❧♦ r❛t❡ ❛♥❞ t❤❡ ▲❙❆ r❡❢r❡s❤ ♦♥❡✱ t❤❡r❡ ✐s ❛♥♦t❤❡r s❧♦♣❡ ❝♦♠♣✉t❡❞ ❢♦r ❛ ❢❡✇ s❡❝♦♥❞ ❛♥❞
t❤❛t ❡q✉❛❧s t♦ 0.1 ♠❡ss❛❣❡ ♣❡r s❡❝♦♥❞✳ ■t ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s✐t✐♦♥ t✐♠❡ ❛♥❞ ✐s ♥❡❣❧✐❣✐❜❧❡✳
◆♦t❡ t❤❛t ♦♥ ❡❛❝❤ ✜❣✉r❡✱ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✢♦✇ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t t♦ t❤❡ r❡st ♦❢ t❤❡ ❝✉r✈❡✳
❚❤✐s ✐s ♥♦r♠❛❧ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ st❛rt✐♥❣ ♦❢ t❤❡ ♥❡t✇♦r❦✳
■♥ ❛ ♥✉ts❤❡❧❧✱ ❆❧❣♦r✐t❤♠ ✷ ❤❛s ❡✛❡❝t✐✈❡❧② r❡❛❝❤❡❞ t❤❡ t❤❡♦r❡t✐❝❛❧ r❛t❡s ♦❢ t❤❡ t✇♦ tr❡♥❞s ♦♥
❛rr✐✈❛❧ ❢♦r t❤❡ ❖❙P❋ ♣r♦t♦❝♦❧ ♦♥ t❤❡ ✢♦✇ ❢r♦♠ R11 t♦ R8✳
■♥r✐❛
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t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✷
❘❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ▼❆▼ ✉s✐♥❣ ◆❂✷
❋✐❣✉r❡ ✶✵✿ ❘❡s✉❧ts ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ ❧❛②❡r 0 ❛♥❞ ▼❆▼ ✇✐t❤ N = 2 ♦♥ t❤❡ ❧✐♥❦ ❢r♦♠ R11 t♦
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t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✷
❘❛t❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ▼❆▼ ✉s✐♥❣ ◆❂✶✵✵
❋✐❣✉r❡ ✶✶✿ ❘❡s✉❧ts ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ ❧❛②❡r 3 ❛♥❞ ▼❆▼ ✇✐t❤ N = 100 ♦♥ t❤❡ ❧✐♥❦ ❢r♦♠ R11 t♦
R8 ✐♥ ✢✉✐❞ tr❛✣❝ ❝❛s❡✳
✺✳✸ ❲❤❡♥ r♦✉t❡r R8 ❢❛✐❧s
■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r❡s❡♥t ❛ ✢♦✇ ♦❢ ❖❙P❋ ♠❡ss❛❣❡s ✇❤❡♥ ✐♥ r♦✉t❡r R8 ❛ ❢❛✐❧✉r❡ ♦❝❝✉rs ❡✈❡r② ✻
♠✐♥ ❛♥❞ ❧❛sts ✸ ♠✐♥✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❜✉❣ ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t ❢♦r❝❡s R8 t♦ r❡❜♦♦t
❢r❡q✉❡♥t❧②✳ ❚❤❡ ✢♦✇ ❡✈❛❧✉❛t❡❞ ✐s ❢r♦♠ r♦✉t❡r R8 t♦ r♦✉t❡r R11✳ ❋✐❣✉r❡ ✶✷ r❡♣r❡s❡♥ts t❤❡ ❛rr✐✈❛❧
♦❢ ♠❡ss❛❣❡s ♦♥ t❤✐s ❧✐♥❦ ❜❡t✇❡❡♥ t✐♠❡ 0 ❛♥❞ 4000 s✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♠❡ss❛❣❡s ❛rr✐✈❡ r❡❣✉❧❛r❧②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❍❡❧❧♦ ♠❡ss❛❣❡s ❛rr✐✈❛❧✳ ❚❤❡♥✱ ❛t t✐♠❡ 310 s✱
❛rr✐✈❛❧ ♦❢ ♠❡ss❛❣❡s st♦♣s ❛♥❞ r❡st❛rts 180 s ❧❛t❡r✳ ❚❤✐s ✐s t❤❡ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ r♦✉t❡r R8
❝❛♥♥♦t s❡♥❞ ♠❡ss❛❣❡s ❜❡❝❛✉s❡ ✐t ✐s r❡st❛rt✐♥❣✳ ❆❢t❡r✇❛r❞s✱ ❛t t✐♠❡ 500 s✱ ♠❡ss❛❣❡s ❛r❡ r❡❝❡✐✈❡❞
❛❣❛✐♥✿ ♠♦r❡ ❢r❡q✉❡♥t❧② ✜rst✱ ❛s ✐♥✐t✐❛❧❧② t❤❡♥✳ ❍❡r❡✱ R8 ✜rst ✢♦♦❞s ▲❙❆s ✇❤❡♥ r❡st❛rt✐♥❣ ❛♥❞
s❡♥❞s ❍❡❧❧♦ ♠❡ss❛❣❡s ❛❣❛✐♥✱ ✉♥t✐❧ ✐t ❝r❛s❤❡s✳
❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❣r♦✉♥❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✢♦✇ ♦❢ ✐♥t❡r❡st ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸✳
▼♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ s❧♦♣❡ ❝♦♠♣✉t❡❞ ✐s ρ = 0.1✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❝❡✐♣t ♦❢ ❍❡❧❧♦
♠❡ss❛❣❡s✳ ❇✉t✱ ❡❛❝❤ t✐♠❡ R8 r❡st❛rts✱ t❤❡r❡ ✐s ❛ s✉❞❞❡♥ ❤✐❣❤ r❛t❡ ❝♦♠♣✉t❡❞ ✲ ❜❡t✇❡❡♥ 10 ❛♥❞
400 ✲ ✇✐t❤ ❛ ♠❡❛♥ s❧♦♣❡ ✈❛❧✉❡ t❤❛t ❡q✉❛❧s 30✳
❋✐❣✉r❡ ✶✹ r❡♣r❡s❡♥ts t❤❡ r❛t❡s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ t❤✐r❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧t✐♥❣
r❛t❡s ❛r❡ s♠♦♦t❤❡r t❤❛♥ t❤❡ ♦♥❡s ♦❢ ❧❛②❡r 0✳ ❍❡r❡✱ r❛t❡s ❞♦ ♥♦t ❡①❝❡❡❞ 1 ✇❤❡♥ ✐t ❝♦✉❧❞ ❜❡ ✹✵✵ ♦♥
❘❘ ♥➦ ✼✾✼✾
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t✐♠❡✭s✮
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t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ❢♦r ✢♦✇ ❢r♦♠ R8 t♦ R11 ♦♥ ❧❛②❡r 0
❋✐❣✉r❡ ✶✸✿ ❘❛t❡s ❝♦♠♣✉t❡❞ ♦♥ ❧❛②❡r 0 ✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✢♦✇ ♦❢ ♠❡ss❛❣❡s ❢r♦♠ R8 t♦
R11✳
❧❛②❡r 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❜r✉♣t r❛t❡ ❝❤❛♥❣❡ ✐s r❡❞✉❝❡❞ ♦♥ ❧❛②❡r 3✳ ❯♥❢♦rt✉♥❛t❡❧②✱
✐t ❞♦❡s ♥♦t ❡st❛❜❧✐s❤ ❛❞❞✐t✐♦♥❛❧ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤✐s ✢♦✇✳ ■♥ t❤✐s ❝❛s❡✱ ❛ s♠♦♦t❤❡r st✉❞② ❞♦❡s ♥♦t
❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✈❛❧✉❡ ❛♥❞ ❧❛②❡r ✵ ❡①❛❝t❧② r❡♣r❡s❡♥ts ✇❤❛t ❤❛♣♣❡♥s✿ ❡❛❝❤ r❡❜♦♦t ♦❢ r♦✉t❡r R8 ✐s
♣♦✐♥t❡❞ ♦✉t ❜② ❛♥ ❛❜r✉♣t r❛t❡ ❝❤❛♥❣❡✳
✺✳✹ ❖❙P❋ ❝♦♥✈❡r❣❡♥❝❡ ♣❡rt✉r❜❛t✐♦♥s
■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ ❡❛❝❤ ♥♦❞❡ ✐s st❛rt❡❞ t❤❡ ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r ❛♥❞ t❤❡ ❢✉❧❧ r✉♥ ♦❢ t❤❡ ❝✉rr❡♥t ♥♦❞❡
♠✉st ❜❡ ❡st❛❜❧✐s❤❡❞ t♦ st❛rt t❤❡ ♥❡①t ♦♥❡✳ ❚❤❡ st❛rt ♦r❞❡r ✐s✿ R1, R10, R11, . . . , R17, R2, . . . , R9✳
❚❤✐s ❡①♣❡r✐♠❡♥t s✐♠✉❧❛t❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ♦❜s❡r✈✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ ✇❤❡♥ s❡✈❡r❛❧ r♦✉t❡rs
❤❛✈❡ t♦ ❢❛❝❡ ♠✉❧t✐♣❧❡ ❝❤❛♥❣❡s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❋✐❣✉r❡ ✶✺ ♣r❡s❡♥ts ❛♥ ❖❙P❋ ✢♦✇ ♦❢ ♠❡ss❛❣❡s
❡①❝❤❛♥❣❡s ❢r♦♠ r♦✉t❡r R11 t♦ r♦✉t❡r R8 ❜❡t✇❡❡♥ t✐♠❡ 0 ❛♥❞ 1600 s ✐♥ t❤✐s ❝♦♥t❡①t✳ ❋r♦♠ 30 t♦
100 s ❍❡❧❧♦ ♠❡ss❛❣❡s ❛r❡ s❡♥t r❡❣✉❧❛r❧② ❜② R11 t♦ R8✳ ❇✉t r♦✉t❡r R8 ❤❛s ♥♦t st❛rt❡❞ ②❡t✱ ❛♥❞ t❤✉s
❞♦❡s ♥♦t ❛♥s✇❡r t♦ R11✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❜❡t✇❡❡♥ 100 ❛♥❞ 140 s R11 r❡❞✉❝❡s ✐ts ❍❡❧❧♦ s❡♥❞✐♥❣
s♣❡❡❞✳ ❆❢t❡r✇❛r❞s✱ ❛s R8 ❤❛s st✐❧❧ ♥♦t st❛rt❡❞✱ R11 st♦♣s ✢♦♦❞✐♥❣ ♠❡ss❛❣❡s ✉♥t✐❧ R8 st❛rts ✭❛t
t✐♠❡ 190 s✮✳ ◆♦✇ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s ♠❛❞❡✱ ❛ ❢❡✇ ❍❡❧❧♦ ♠❡ss❛❣❡s ❛r❡ s❡♥t ✭❜❡t✇❡❡♥ t✐♠❡ 190 ❛♥❞
230 s✮ ❜❡❢♦r❡ r♦✉t❡rs ❝♦✉❧❞ ❡①❝❤❛♥❣❡ t❤❡✐r ❞❛t❛❜❛s❡ ✐♥ ❛ ▲❙❆ ♦♣❡r❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ♦♣❡r❛t✐♦♥
✐s ❝❧❡❛r❧② ♦❜s❡r✈❛❜❧❡ ✇✐t❤ t❤❡ ❜✉rst ♦❢ ♠❡ss❛❣❡s ❜❡t✇❡❡♥ t✐♠❡ 230 ❛♥❞ 271 s✳ ❆❢t❡r✇❛r❞s✱ ❍❡❧❧♦
■♥r✐❛
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t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ❢♦r ✢♦✇ ❢r♦♠ R8 t♦ R11 ♦♥ ❧❛②❡r 3
❋✐❣✉r❡ ✶✹✿ ❘❛t❡s ❝♦♠♣✉t❡❞ ♦♥ ❧❛②❡r 3 ✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✢♦✇ ♦❢ ♠❡ss❛❣❡s ❢r♦♠ R8 t♦
R11✳
♠❡ss❛❣❡s ❛r❡ s❡♥t✳ ❉✉r✐♥❣ t❤✐s ♣❡r✐♦❞✱ t❤❡r❡ ❛r❡ ❧♦st ♠❡ss❛❣❡s ✭❛t t✐♠❡ ✷✽✺✱ ✸✸✺✱ ❛♥❞ ✹✹✺ s✮✱
❜❡❝❛✉s❡ R8 ✐s st✐❧❧ str✉❣❣❧✐♥❣ ✐♥ ▲❙❆ ❡①❝❤❛♥❣❡ ♦♣❡r❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ s❡❝♦♥❞
♣❡rt✉r❜❛t✐♦♥ ❜❡t✇❡❡♥ t✐♠❡ 1200 ❛♥❞ 1300 s ❞✉r✐♥❣ ✇❤✐❝❤ R8 ❞♦❡s ♥♦t ❛♥s✇❡r t♦ ❍❡❧❧♦ ♠❡ss❛❣❡s
❢r♦♠ R11 ❜❡❝❛✉s❡ ✐t ✐s ❜✉s② ♦♥ s②♥❝❤r♦♥✐③✐♥❣ ✇✐t❤ R9✳ ◆♦t❡ t❤❛t t❤✐s ♣❡rt✉r❜❛t✐♦♥ ❛r✐s❡s q✉✐t❡
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t✐♠❡✭s✮













































































❋✐❣✉r❡ ✶✺✿ ❋❧♦✇ ♦❢ ♠❡ss❛❣❡s ❢r♦♠ R11 t♦ R8 ❞✉r✐♥❣ 1600 s❡❝♦♥❞s✳
❋✐❣✉r❡ ✶✻ s❤♦✇s t❤❡ ❣r♦✉♥❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ st✉❞✐❡❞ ✢♦✇✳ ❖♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧②
♦❜s❡r✈❡ t❤❡ t✇♦ ♣❡rt✉r❜❛t✐♦♥s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✿ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♠❡ss❛❣❡s ❜r♦❛❞❝❛st ❢r♦♠ R11
t♦ R8 ❜❡t✇❡❡♥ t✐♠❡ 0 ❛♥❞ 450 s ❛♥❞ t❤❡ ❜✉s② ♣❡r✐♦❞ ♦❢ r♦✉t❡r R8 ❞✉❡ t♦ ✐ts s②♥❝❤r♦♥✐③❛t✐♦♥ ✇✐t❤
R9 ❜❡t✇❡❡♥ t✐♠❡ 1200 ❛♥❞ 1300 s✳
❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✶✼ ♣r❡s❡♥ts ❧❛②❡r ✶ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ st✉❞✐❡❞ ✢♦✇✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛♥
✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣r♦✉♥❞ ❧❛②❡r ❛s t❤❡ t✇♦ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ st✐❧❧ ♣r❡s❡♥t ❜✉t ✇✐t❤
❧❡ss ❞❡t❛✐❧s✱ ✇❤✐❝❤ ✐s ✇❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r✳ ❚❤✐s ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ❝❧❡❛r❧② ♣♦✐♥ts
♦✉t t❤❡ ❛❜♥♦r♠❛❧ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ✢♦✇s ♦❢ ♠❡ss❛❣❡s✳
✺✳✺ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ▼♦✈✐♥❣ ❆✈❡r❛❣❡ ▼❡t❤♦❞
■♥ t❤✐s ♣❛rt✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❛♥♦t❤❡r ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ♠♦✈✐♥❣ ❛✈❡r❛❣❡s✳ ▼❆▼
❛♥❛❧②③❡s ❛ ❞❛t❛ ✢♦✇ t♦ s✉♣♣r❡ss ✐♥st❛♥t❛♥❡♦✉s ✢✉❝t✉❛t✐♦♥s ❛♥❞ t❤❡♥ t♦ st✉❞② ❧♦♥❣ t❡r♠ ❜❡❤❛✈✐♦rs✳
❘❘ ♥➦ ✼✾✼✾
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t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ❢♦r ✢♦✇ ❢r♦♠ R11 t♦ R8 ♦♥ ❧❛②❡r 0





✵ ✷✵✵ ✹✵✵ ✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵ ✶✹✵✵
t✐♠❡✭s✮
❘❛t❡s ❝♦♠♣✉t❡❞ ❢♦r ✢♦✇ ❢r♦♠ R11 t♦ R8 ♦♥ ❧❛②❡r 1
❋✐❣✉r❡ ✶✼✿ ❘❛t❡s ❝♦♠♣✉t❡❞ ♦♥ ❧❛②❡r 1 ✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✢♦✇ ♦❢ ♠❡ss❛❣❡s ❢r♦♠ R11 t♦
R8✳
■♥ ❛ ❞❛t❛ ✢♦✇✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣✐✈❡♥ ♣♦✐♥t ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❛t ♣♦✐♥t ❛♥❞ t❤❡
N − 1 ❢♦r♠❡r ♦♥❡s✱ ✇❤❡r❡ N ✐s ❛ ✜①❡❞ ♣❛r❛♠❡t❡r✳ ❚♦ st✐❝❦ ✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠✱ t❤❡ ❞❛t❛ ✢♦✇ ✇❡
✉s❡ ✐s t❤❡ ❛rr✐✈❛❧ ❞❛t❡s ♠❡ss❛❣❡s✳ ❋♦r ♠❡ss❛❣❡ n✱ ✐t ✐s ❞❡✜♥❡❞ ❜② 1
xn−xn−1
✳
❋✐❣✉r❡ ✶✵ ♣r❡s❡♥ts r❡s✉❧ts ♦❢ t❤❡ ❣r♦✉♥❞ ❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✭♣❧❛✐♥ ❝✉r✈❡✮ ❛♥❞ ▼❆▼ ✇✐t❤
N = 2 ✭❞♦tt❡❞ ❝✉r✈❡✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r✳ ❚❤❡♥✱ ❋✐❣✉r❡ ✶✶ ❝♦♠♣❛r❡s r❡s✉❧ts ♦❢ t❤❡ t❤✐r❞
❧❛②❡r ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✭♣❧❛✐♥ ❝✉r✈❡✮ ❛♥❞ t❤❡ ♦♥❡s ♦❢ ▼❆▼ ✇✐t❤ N = 100 ✭❞♦tt❡❞ ❝✉r✈❡✮✳ ❚❤❡
r❡s✉❧ts ❣✐✈❡♥ ❜② t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ r❡❛❧❧② ❞✐✛❡r❡♥t✳ ❚❤❡ ✜rst ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♦✉r
❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❢❡✇❡r ♣♦✐♥ts✱ str❡ss✐♥❣ ♦♥❧② t❤❡ ❝❤❛♥❣❡s ♦❢ ❛rr✐✈❛❧ r❛t❡ ✭✻✽ ♦✉t♣✉t ♣♦✐♥ts ✈❡rs✉s
✽✺✵ ♣♦✐♥ts✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ▲❙❆ r❡❢r❡s❤ ♦♣❡r❛t✐♦♥s ♦✉r ❛❧❣♦r✐t❤♠ ❤✐❣❤❧✐❣❤t ✐t ❜② t❤❡ s❧✐❣❤t ❛♥❞
s❤♦rt s❧♦♣❡ ❝❤❛♥❣❡s✱ q✉✐t❡ ❛s ▼❆▼ ✐❢ ◆ ✐s ♣✉t t♦ ◆ ❂ ✶✵✵✳ ❍♦✇❡✈❡r✱ ❢♦r ▼❆▼✱ t❤❡s❡ ❝❤❛♥❣❡s
❧❛st t♦♦ ❧♦♥❣ ✭❛r♦✉♥❞ ✶✵✵✵ s✮ ❛♥❞ ❛❧s♦ t❤❡r❡ ✐s ♥♦ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡✳ ❚❤✐s
♠❡❛♥s t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ t♦ ❞❡t❡❝t t❤❡s❡ ❝❤❛♥❣❡s✳ ❋✐♥❛❧❧②✱ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
r❡s✉❧ts ♦❢ t❤❡ ▼❆▼ ✐s ❤✐❣❤❧② s❡♥s✐t✐✈❡ ♦♥ t❤❡ ✈❛❧✉❡ t❛❦❡♥ ❢♦r ◆✱ ✇❤❡r❡❛s ♦✉r ❛❧❣♦r✐t❤♠ ♦♥❧②
❝♦♥s✐❞❡rs t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ✢♦✇s✳ ❖t❤❡r ♠❡t❤♦❞s ✉s✐♥❣ s❧✐❞✐♥❣ ✇✐♥❞♦✇s✱ ❧✐❦❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧
♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❞✐❞ ♥♦t ❧❡❛❞ t♦ ❛♥② ❝♦♥❝❧✉s✐✈❡ r❡s✉❧ts✳
■♥r✐❛
❍✐❞❞❡♥ ❆♥♦♠❛❧② ❉❡t❡❝t✐♦♥ ✐♥ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ✷✶
✻ ❈♦♥❝❧✉s✐♦♥
❚❤✐s ❛rt✐❝❧❡ ♣r❡s❡♥ts ❛ ♠❡t❤♦❞ t♦ st✉❞② ✢♦✇s ♦❢ ♠❡ss❛❣❡s ❛rr✐✈❛❧s ✐♥ ♥❡t✇♦r❦s✳ ❚❤✐s ✇♦r❦ ❛✐♠s
❛t ❞❡t❡❝t✐♥❣ ❤✐❞❞❡♥ ❛❜♥♦r♠❛❧ ❜❡❤❛✈✐♦rs✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ✐s ✈❡r② ❧✐❣❤t ✐♥ ❝♦♠♣✉t✐♥❣ ❝♦♠♣❧❡①✐t② ❛♥❞ ✐♥ ♠❡♠♦r② ✉s❛❣❡✳
❚❤✉s✱ ✐t ✇♦r❦s ♦♥ t❤❡ ✢② t♦ ❞❡t❡❝t ❜❛❞ ❜❡❤❛✈✐♦r ✐♠♠❡❞✐❛t❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ ♥♦ ❡①♣❡rt ✐s ♥❡❡❞❡❞
t♦ ✐♥t❡r♣r❡t t❤❡ r❡s✉❧ts ❛♥❞ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❤❛s t❤❡ ❣r❡❛t ❛❞✈❛♥t❛❣❡ t♦ r❡t✉r♥ ✢♦✇ ❜❡❤❛✈✐♦r
❛♥❞ t❤✉s ✐t ❝❛♥♥♦t st❛t✉❡ ♦♥ ❢❛❧s❡ ♣r♦❜❧❡♠✳ ❲❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ▼♦✈✐♥❣ ❆✈❡r❛❣❡ ▼❡t❤♦❞✱ ✇❡
❤❛✈❡ s❤♦✇♥ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ s✉♣♣❧② ❛ r❡❛❧❧② ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ st✉❞✐❡❞ ✢♦✇s✳
❚❤✐s ✇♦r❦ ✇✐❧❧ ❜❡ ❞❡❡♣❡♥❡❞ ✇✐t❤ ♦t❤❡r ♥❡t✇♦r❦ ♠❛♥❛❣❡♠❡♥t ❝♦♥t❡①ts st✉❞✐❡s✱ s✉❝❤ ❛s ♥❡t✇♦r❦
s❡❝✉r✐t② ✇✐t❤ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❉♦❙✴❉❉♦❙ ❛tt❛❝❦s ❛♥❞ ♥❡t✇♦r❦ ❛❧❛r♠s ♠❛♥❛❣❡♠❡♥t ❜② ❞❡t❡❝t✐♥❣
❛❜♥♦r♠❛❧ tr❡♥❞s ✐♥ t❤❡ ❤✉❣❡ ✢♦✇ ❣❡♥❡r❛t❡❞ ❜② ❛ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❩✳ ❇❡♥ ❍♦✉✐❞✐✱ ▼✳ ▼❡✉❧❧❡✱ ❛♥❞ ❘✳ ❚❡✐①❡✐r❛✳ ❯♥❞❡rst❛♥❞✐♥❣ s❧♦✇ ❇●P r♦✉t✐♥❣ t❛❜❧❡ tr❛♥s❢❡rs✳
■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✾t❤ ❆❈▼ ❙■●❈❖▼▼ ❝♦♥❢❡r❡♥❝❡ ♦♥ ■♥t❡r♥❡t ♠❡❛s✉r❡♠❡♥t ❝♦♥❢❡r❡♥❝❡✱
♣❛❣❡s ✸✺✵✕✸✺✺✱ ✷✵✵✾✳
❬✷❪ ❈✳ ❙✳ ❈❤❛♥❣✳ P❡r❢♦r♠❛♥❝❡ ●✉❛r❛♥t❡❡s ✐♥ ❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s✳ ❚◆❈❙✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
✷✵✵✵✳
❬✸❪ ❈✳ ❙✳ ❈❤❛♦✱ ❉✳ ▲✳ ❨❛♥❣✱ ❛♥❞ ❆✳ ❈✳ ▲✐✉✳ ❆♥ ❛✉t♦♠❛t❡❞ ❢❛✉❧t ❞✐❛❣♥♦s✐s s②st❡♠ ✉s✐♥❣ ❤✐❡r✲
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